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Abstract

This paper proposes a diffused approach to approximate failure at interfaces that physically occupy
negligible space compared to the bulk material. For an interface diffused over a certain length,
we derive an effective interface fracture toughness based on the diffused length and the fracture
toughness of the bulk and the interface. Our derivation ensures the energetic equivalence between
the sharp and the diffused representations of interface.

We verified the critical energy release rates in a steadily propagating tensile fracture example
as well as the critical fracture pressure and the crack length evolution in toughness dominated
hydraulic fracturing. The proposed model does not require any changes in existing implementation
of phase-field models. The only requirement is to assign the analytically calculated effective interface
fracture toughness over a diffused sub-domain.

Keywords: phase-field; interface failure; hydraulic fracture; natural fracture; OpenGeoSys

1. Introduction

Phase-field models for fracture have become one of the most standard methods for simulation of
fracturing which enjoy wide applicability from brittle [12, 61, 62], ductile [1, 3, 46, 85], dynamic [10,
14, 53, 66], fatigue [18, 73], dessication [17, 40, 58], environment assisted [23, 57, 72] and to hydraulic
fracturing [11, 20, 28, 39, 71, 81] to list just a few. This popularity is attributed by their capability
to model complex evolution of an arbitrary number of cracks without restricting their propagation
to any specific grid.

Weak or strong, interfaces impact fracture evolution. Failure tends to concentrate at interfaces
in fiber reinforced cement (FRC) composites [26, 51] and composite laminates [89]. For geological
materials, pre-existing interfaces (e.g. natural fractures or faults) alter hydraulic fracture paths
in many ways [84] (Fig. 1). Like fractures, such material interface occupies essentially negligible
domain. Thus, diffused treatment of fracture in the phase-field models have also been applied to
interface modeling.

Existing studies may be categorized into two approaches. One approach is to use a phase-
field order variable to represent interfaces. Natural fractures in geological materials have been
represented by the phase-field variable that denotes the very state of the material damage assuming
that the natural fractures have no cohesive strength [47, 67, 86]. The other approach is to represent
interfaces by modifying their surface energy. Nguyen et al. proposed a model to account for
interactions between interfacial damage and bulk fracture with micro-structural heterogeneities in
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Figure 1: (a) Hydraulic fracture (marked by yellow proppant) offsetting while it crosses the natural fracture, and (b)
hydraulic fracture interacts and crosses a mineralized fracture zone [44].

plaster and concrete [64, 65], and elastoplastic composites [52]. They combined the brittle phase-
field approach for the bulk and the cohesive interface. The surface energy at the interfaces was then
modified based on a level-set function and an additionally introduced phase-field order variable. This
model was revisited by [69] for pre-existing adhesive interfaces in which the authors implemented
a new interface finite element to map the jump discontinuity across the crack face instead of the
level-set approach. Hansen—Dorr et al. proposed a non-invasive approach by assigning the modified
fracture toughness over a diffused length to account for interfaces estimated from the surface energy
equivalence [36, 37].

If an interface is represented by the phase-field variable, it will impact the stress and strain
profiles around the interface and their profiles will depend on a choice of the strain energy de-
composition [5, 31, 62, 75, 76]. On the other hand, altering the surface energy gives us a greater
flexibility. It can represent interfaces that are weaker or stronger than the bulk depending on the
assigned surface energy.

While the approaches proposed in [64, 65, 69] compare well with experimental observations,
the implementation requires substantial changes in the existing phase-field formulation such as
an additional phase-field variable or interface elements. On the contrary, the diffused interface
approach proposed in [36, 37] is not implementation invasive and only requires to pre-compute the
effective interface fracture toughness. However, the analytically derived effective interface fracture
toughness in their studies underestimate the theoretical surface energy [36, 37], which need to be
compensated by the empirical correction curves from a series of numerical simulations with various
settings.

Our objective in this study is to derive an effective interface fracture toughness that does not
require empirical compensation. We first revisit the formulation in [36, 37] considering the optimal
phase-field profile and discretization effects. We then derive an effective interface fracture toughness
that ensures the energy equivalence in closed form. The newly derived expression is verified to
accurately reproduce the theoretical energy release rates in well known examples. The proposed
approach is simple to use as it only needs to assign appropriate fracture toughness field and does
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not require changes in the formulation or use of special elements. Still, it can reproduce fracture
impingement into an interface as predicted by the theory and effectively simulate hydraulic fracture
interactions with natural fracture.

This paper is structured as follows. Section 2 shows the construction of the effective interface
fracture toughness. We go through verification examples in Section 3. Section 4 highlights the
capabilities in practical examples followed by conclusions in Section 5.

2. Construction of effective interface fracture toughness

2.1. Phase-field models for fracture

We consider a brittle-elastic medium Q C RN with a crack set I' (Fig. 2(a)). For the sake
of simplicity, the body force and the external loading are considered absent. Then the potential
energy is given as:

P= W (u)de, (1)
O\

where W (u) is the strain energy density. Francfort and Marigo [29] recast Griffith’s criterion as the
minimization of the total energy, which is the sum of the potential and the fracture surface energy
defined as:

f:=73+/GCdF, (2)
r
where G, is the critical elastic energy release rate.

It is challenging to evaluate the crack surface energy for non-trivial crack geometry as it involves
the surface integral over an evolving discrete crack set I'. To overcome this challenge, the varia-
tional phase-field model proposed in [12] follows the approximation of [4] via I'-convergence [16].

Introducing a scalar phase-field variable, v : Q — [0, 1] and a regularization length parameter £ > 0,
the surface integral is approximated as:

/Fchrz/Q% ((1_/)2 +€|Vv|2) dQ. (3)

Alternatively, the phase-field model proposed in [62] is constructed from a geometrical approx-
imation. Considering an infinite 1D bar B = [—o00, +00] x ' with a crack at = = 0, the state of the
material approximates the sharp fracture with the following profile:

v(z) =1—el2l/¢, (4)
Accepting this profile, the followings are noticed:
1. (4) is the solution of the differential equation:
1 — v+ %" =0, with v(0) = 0 and v(+o00) = 1. (5)

2. Then (5) is the Euler-Lagrange equation associated with the variational problem of:

1 +oo 1— 2
J(v) = 5/ % + £’ de.

— 00
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This 1D analysis is extended to a multi-dimensional domain 2 C RY where the surface energy
density function is approximated using the phase-field profile of (4):

S(v, Vo) = % ((1;“) +€|Vv|2> . (6)

Using this density, the surface energy is approximated as:

N2
/GC dr ~ Gc/ L ((1“) +€|Vv|2> do. 1)
g A

The only difference between these two approaches amounts to the assumed profile of (4), which
imposes the spatial uniformity on G.. In other words, the profile of (4) is a special case when G,
is spatially uniform. We discuss the implications of this assumption in the next sub-section.

2.2. Interface model

To account for interfaces in phase-field models, [37] proposed to compute the effective interface
fracture toughness G diffused over a certain length b (Fig. 2(a)). The effective interface fracture
toughness is assigned in this subdomain and the bulk toughness outside (Fig. 2(b)). The surface
fracture energy dissipated at the interface is given as Gint fr dI'. Seeking the effective interface
fracture toughness, we equate Gt fr dT" to the approximated surface energy (3) using the diffused
interface as:

Gint / dr = Gint / S(v, V) dQ + GPUlk / S(v, V) dQ, (8)
r &()<b §M)>b

where £(T") is the shortest distance from the crack I'. In the followings, we look into the two different
approaches above to compute the effective interface fracture toughness in a 1D setting ([0, +oo] x T).

2.2.1. Phase-field approach
In [37], the energy equivalence in (8) was considered in the 1D setting. First, the surface energy
expended at the interface is approximated as:

Gint / dl' = Gint / S(v, Vo) dx (9)
r 0
Using the profile of (4), (8) becomes
) oo -2z /¢ . b _—2z/¢ oo -2z /¢
Gt / & de =G / C o du+ G / R (10)
0 t o ¢ b t
Solving for G, we obtain’:
. QGint _ Gbulke—Qb/Z
int __ C C
G = 1 — e—2b/¢ ) (11)
2 bulk _
As noted in [37], 7 must be greater than In Gfint so that GIt > 0.

'In the original notation in [37], £ = 2.
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Figure 2: Diffused interface model: (a) schematic of diffused representation of a discontinuous and a crack set I, (b)
Step-wise surface energy assigned over the subdomain £ < b.
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2.2.2. Variational approach
Here, we first construct the phase-field profile by seeking the optimal profile of v that mini-
mizes (8) in the 1D setting:

OOGC(JJ)S(U,VU) dz = Och(x) (-0 + L) dz (12)
0 0 Y4
where

Gt for x <b,
Gelo) = GPUk for x> b. (13)

If G.(x) were uniform in z, (4) would be the optimal profile. The Euler-Lagrange equation in this

case is: Py 4 /8
b b\
e (a) =0 (14)

where S, := G.S. Because of the discontinuity of G.(x) at = b, S, depends on z. Thus, the
Weierstrass-Erdmann corner conditions need to be ensured ([56], p. 167), which read:

a5y a5y
o’ Y ’ (15)
x=b—0 x=b+0
oS, oS
(Sb—v’a ﬁ’) = (Sb—v’a ﬁ’) : (16)
U ) le=b—0 V" ) le=b+0
Then the phase-field profile yields (see Appendix 6.1):
1— e/t — (1-— al)e“"/e for 0 <z <b, (17)
v =
1-— age_x/e for b <a,
where
(éicnt + Glt:)ulk)eb/e
Q] = —= = s
(Glcnt + Ggulk)eb/z + (Glcnt _ GElllk)e—b/Z
Qéint b/
s = c © (18)

(éicnt + Glc)ulk)eb/Z + (éicnt _ Glgulk)e—b/[

Remark 1. The phase-field profile (4) proposed in [62] implicitly assumes a spatially uniform G..
If G, is not uniform in Q, the optimal phase-field profile would differ such as in (17).

To compute éiC“t, we assume that the fracture surface energy at the interface can be approxi-

mated by (9). Using (5) and (17), we have

. 00 9o—22/l . b1 — p)2 ® /(1 —0v)?
oo ["Eman—am [ (U5 ae ) s [T (U5 aop) a9
0 0 b

After performing the integrals, we arrive at

Gint = éicm {a? (1 — 67%/[) — (1 — ozf) (1 — 62b/e>} + GE“lkagefzb/z. (20)




w (19) and (20) recover GI'* — GP"* and Gt 5 0 as b — 0. Also, from (18) and (20), we have that
e G — G as £ — 0 or b/l — oo (See Appendix 6.2). Fig. 3 compares Gi" from (20)? against
u  (11). As reported in [37], G** computed from (11) underestimates the theoretical value.
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2.2.3. Variational approach - ATy model

The approximated surface energy given in 3 is typically called the AT model as opposed to the
AT; model proposed more recently by [70]. Tanné et al. [79] performed thorough analyses comparing
these two models in terms of crack nucleation and propagation. Their study found that the ATy
model, which posses an elastic phase prior to the failure, is superior over the ATy model especially
when there is no strong stress singularity. Given the increasing popularity of the AT; model, here
we expand our derivation of the effective interface toughness to the AT; model.

The ATy model approximates the surface energy as [15]:

/chfz/ 3G ((1_“) +evu|2) de. (21)
r o 8 4

For a constant G., the optimal phase-field profile is:

EA%
1-(1- f <2
v = ( o0 ) for lal=2 (22)

1, for |z| > 2¢.

Unlike the ATy model, the phase-field profile for AT, has a finite transition length (= 2¢). If
we diffuse an interface beyond this transition length, then (8) ends up with GI'* = G'*| which is
equivalent to no interface. Therefore, we need to limit the diffused length b to be smaller than the

2As a1 and ag contain éic“t, solving (20) for éic“t requires an iterative root finding scheme such as fsolve function
in python. The same goes for solving AT; equivalence (27).
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transition length 2¢ in AT;. With this constrain (b < 2¢), similarly we can derive the optimal profile
for the piecewise constant G(z) in (13) as (see Appendix 6.1):

1

—@$2 + Az, for 0 <z <b,
= 1

UT\ gp® T A b(B —fa), for b<w <206, (23)

1, for x> 2024,,

where
GEulk b b
= G (‘zez *52> tom (24)
1 é " 2 é . 2
_ bulk ~in bulk c c

B = g | (G0 - GE) + ety v - (Ggulk> e <Ggmk> el @)

Note that the transition length (2¢235) is now dependent of the fracture toughness. Again, we
equivalence the surface energies as:

Gint /0% % (1- %)2 da

~. b — 2Z2ﬁ2 B
_ i / <(1 . +€|v'|2> da -+ GPulk / ((1 . +é|v’|2) dz. (26)
0 b

Then we obtain

4 . ..
gGLnt _ Glcnt,_yl + Gsulk,yQ (27)
where
1 1
N = b - %bQ + (w% + £> b, (28)
2 b3 b2 1 b
Y2 = —§€3ﬁ§’ + 208y — 20bB2(B1 — P2) — e T 52€ - {5522 t7- Z(ﬁl - 52)} b (29)

Similarly in ATy, we recover Gt — GPUIk and C:'ic“t — 0 as b — 0. Since b is bounded by 2¢, the
upper limit of b/¢ is obtained as b — 2¢, GI"* — G (See Appendix 6.2).
3. Verification examples

Although often neglected in phase-field analysis, the fracture toughness in simulation needs to
account for the corresponding mesh discretization® relative to the theoretical value [13, 30, 87].

3The “numerical” toughness is given by Go(1 + h/2¢) for ATy and G¢(1 + 3h/8¢) for ATy in phase-field models.
Without accounting for this, the material toughness would vary with £ (h/¢ to be precise). We refer to [13] (p. 103)
or [87] for details.
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Following this treatment, we consider the following numerical phase-field profile for AT, for element
discretization of size h in the 1D setting considered in (20)*:

0 for x < h/2,
v=L1—e @A _ (1 —q)e@ MDA for hj2<x <V +h/2, (30)
1 — e (@=h/2)/¢ for ' +h/2 <,
where b’ = b — h/2. With this phase-field profile, (20) becomes
. h ~ . h / / 7
Gint <2£ + 1) = Gint {% tad (1= /) — (1 —an)? (1 /4)} +GMRaZe L (31)
Similarly, for ATy, the numerical phase-field profile is:
0 for © < h/2,
1
—@(x—h/2)2+61(w—h/2) for h/2 <x <V +h/2,
v = (32)
1
—@(.ﬁ — h/2)% + Bo(x — h/2) +b(B1 — B2) for b +h/2<a<20%By+h/2,
1 for @ > 208y + h/2.
Then (27) becomes
Gint ﬁ + é _ Gwint ﬁ +7 )+ waulk,y2 (33)
¢ \2¢ 3 © A\ ¢ '

Remark 2. We recover (20) (resp. (27)) by setting h — 0 in (31) (resp. (33)), but for a finite mesh
size h, the numerical fracture toughness is dependent on h (or rather the ratio h/¢). Therefore, if
the ratio h/{ varies in the domain, so does the numerical fracture toughness.

In the following verification examples, we compute the effective interface fracture toughness éicm
using (31) for ATy and (33) for AT;. We refer to Appendix 6.3 for detailed implementation of the
model.

8.1. Surfing boundary example
We first verified the phase-field profile under non-uniform G, in (17) using the surfing ex-
ample [41]. Consider a computational domain, Q = [0,L] x [-H/2,H/2] with an edge crack,
I' = [0, a0] x {0}, and a diffused interface [0, L] x [—b,b] (Fig. 4(a)) which is subjected to a time
dependent crack opening displacement:
u(z,y,t) =U(x —vt,y) on 0Qp, (34)

where v is an imposed loading velocity; and U is the asymptotic solution for the Mode-I crack
opening displacement
Ky |r %)
Uy = —1/7—(k —cosyp)cos =
P 2M\/%(Fv 8) cos o,

K
Uy:ﬁ,/%(mfcosap)sing, (35)

4 We consider a crack is represented by v = 0 in an entire element rather than by a node because, in simulation,
a crack propagates through elements not the element boundaries (i.e., nodes).
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where K7 is the stress intensity factor, k = (3 —v)/(1 +v) and p = E/2(1 4+ v); (r,¢) are the
polar coordinate system, where the origin is crack tip. Also, we used G = K? (1 — v?)/E as
the fracture surface energy under plane strain condition. Table 1 lists the material properties and
geometry of the numerical model. The domain was meshed with uniform quadrilateral elements to
avoid varying h//.

y

U(x —vt,y)
r

Bulk

Cracktipatt =0

Bulk

Phase field

L ! 2 : r o ;

() (b)

Figure 4: (a) Schematic view of surfing boundary condition benchmark where an interface exists. Geometry and
boundary conditions. (b) Phase-field profiles obtained from varying Ge at t = 0.2ty. We set | = 2h, and b/£ = 0.75.
The white arrow, {0.5} x [0,0.1], illustrates the line where we plot the phase-field profile in Fig. 5.

Table 1: Phase-field profile and surfing boundary example: Material properties [37] and geometrical parameters.

Name Symbol Value Unit
Young’s modulus E 210 x10° MPa
Critical energy release rate of bulk Ghulk 5.4 MPa-mm
Critical energy release rate of interface Gint 2.7 MPa-mm
Poisson’s ratio v 0.3 —
Effective element size h 5x 1072 mm
Regularization parameter / 1x1072 mm
Imposed loading velocity v 1.5 mm/s
Length L 2 mm
Height H 1 mm
Initial crack length ag 0.5 mm

Simulated phase-field profiles were taken along the orthogonal line indicated in Fig. 4(b) and
match closely with (30) (Fig. 5) for ATy and with (32) (Fig. 6) for AT;. The profiles exhibit a kink
at £ = b and deviate from the well known exponential form (4) for ATy and from the quadratic
form (22) for AT; more profoundly with smaller b/¢.

We computed the energy release rate using Gy method [27, 53] with various b/¢ ratios and plot
the errors against the theoretical numerical toughness i.e. (G¢)num = Ge(1 + h/2¢) for ATy and
(G)num = Gc(1 + 3h/80) for ATy [13, 87] in Fig. 7. The effective interface fracture toughness
éént computed from (31) with various h/¢ ratios are in an excellent agreement with the theoretical

10



0.8 4

0.6 4

0.4

0.24

0.0

0.8
0.6 4
0.4
0.2

0.0 1

Figure 5: Phase-field profiles obtained from varying Gc¢ in AT2. We set | = 2h and plot the phase-field profile over
{0.5} x [0,0.1], at t = 0.2t¢. The slope of the phase-field profile at y = b changes due to the discontinuities of G at
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Figure 6: Phase-field profiles obtained from varying Gc¢ in AT;. We set | = 2h and plot the phase-field profile over
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166 critical energy release rates despite the 1D consideration in its construction. In all the settings, the
w7 errors are within 2% and even less for AT; (Fig. 7).

G —— g
o 0 T T ; & e S S T S S )

0.8

[e]
« -6 b/t=0.75
0.21 - ! =t b/t =125
b/t =225 — b/t=175
—— Reference 0.4 b/e =225
0.0 4 .
0.0 0.1 0.2 0.3 0.4 0.5 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
t t
(a) Gp comparison AT (b) Gg relative error ATo
1.6 4
1.0 4 ® 5. * ® -6 b/=0.75
] —t— b/0=125
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t t
(¢) Gy comparison ATy (d) Gg relative error ATy

Figure 7: The computed energy release rate vs. time under plane strain condition. We used virtual perturbation of
0 to compute energy release rate using Gg [27]. The 6 value is 1 inside of B, (P), 0 outside, and a linear interpolation
in between. We set r = 4¢ and R = 2.5r (see [54]).

w8 3.2. Sneddon’s problem - 2D

160 We verified the model with plane-strain hydraulic fracture propagation in a toughness dominated
w  regime based on Sneddon’s solution [74], a widely used verification example in hydraulic fracturing
wm simulation [11, 25, 32, 34, 45, 48, 63]. The problem was solved in an infinite 2D domain with
w2 a line crack [—ag,ag] x {0}. To account for the infinite boundaries in the closed-form solution,
w3 a finite domain [—L/2,L/2] x [-L/2, L/2] with a diffused interface [—L/2, L/2] x [—b,b] (Fig. 8)
s was embedded in a larger domain [—-5L,5L] x [-5L,5L] in the computations. The sub-domain
ws [—L/2,L/2] x[-L/2,L/2] was meshed with uniform quadrilateral elements to ensure invariant h/¢.
176

47Ga}

177 The critical volume for crack propagation is given as V. := o0

and the corresponding

13
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Figure 8: Schematic view of Sneddon’s problem with a finite strip of compensated interface.

pressure and the crack length evolutions are given as follows:

p(V) =

a(V) = {2E’V2' ;

E'V
2ma}

%

ao

[2E’G§' 5

4rG. |

V<V

(36)
V>V,
V<V

(37)
V> V..

To account for the hydraulic force on the crack lips, we need to add the work done by the fluid
pressure to the total energy. We refer to Appendix 6.4 for this extension. Taking advantage of the
linearity of the system, the simulations were run with the dimensionless properties listed in Table 2.

Table 2: Parameter values for the Sneddon benchmark.

Name Symbol Value
Young’s modulus E 1.0
Critical energy release rate of bulk GPulk 2.0
Critical energy release rate of interface Gt 1.0
Poisson’s ratio v 0.15
Effective element size h 1x1073
Regularization parameter / 2x1073
Length L 0.6
Initial crack length ao 0.1

14



183 From (19) and (26), we can retrieve the crack length a as:

L () ae .

. h
int 1
Ge (4cn€ + )

1w where n = 1 corresponds to ATy (¢, = 1/2) and n = 2 to ATy (¢, = 2/3). Computed pressures and
s retrieved crack lengths are in a close agreement with the closed form solutions (Fig. 9).
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Figure 9: Comparison of the fracture pressure (a, ¢) and the length (b, d) against the closed form solution.

s 3.3. Sneddon’s problem - 3D

187 As our last verification example, we applied our approach to penny-shape hydraulic fracturing in
s 3D. The analytical solution is developed in an infinite 3D domain with a circular crack [0, ag] x [0, 27]
19 in the polar coordinate. All the parameters are the same as the 2D example except that we ran
wo only the AT; model and the mesh size is h = 2.5 x 1073.
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Applying the symmetry, we extruded the 2D mesh only in the positive z-direction by 5h with
the same resolution and then by 0.5 with a 10 times coarser (10h) resolution (Figure 10(a)). The
reason for this first extrusion of 5h is that the AT; model has a finite support (2¢ = 4h) and its
numerical fracture toughness is not impacted by varying h/¢ beyond this length.

(a) Initial penny-shape crack. (b) Penny-shape crack growth in 3D.

Figure 10: Sneddon’s problem in 3D: (a) Initial penny-shape crack. (b) Penny-shape crack growth at V = 0.37V,.

8 |nG.a]
Using Sneddon’s closed form solution [74], we obtain the critical volume as V. := 3 %

and the following pressure and crack length evolutions [78]:

3E'V
167wad V<.
p(V) = BERG3TE (39)
T2 Ve >
l: 12V :| V2o
a V<V,
a(V) = 213 (40)
BV sy
647G,

Note that the crack radius can be recovered from:

. Ai(@-;)n +£|Vu|2> dQ | "

G <4ch1z M 1) :

Figure 10(b) shows a simulated penny-shape crack at V' = 0.37V.. Computed pressures and crack
radii are plotted against the closed form solution in Figure 11. The agreements are not as close

1/2
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as the 2D examples. This is because of the coarser element size used (2.5 times bigger) in the 3D
examples for tractable computational time®.
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Figure 11: Comparison of the fracture pressure (a) and the radius (b) against the closed form solution.

4. Numerical examples

This section demonstrates the capabilities of the model through examples where a weak interface
is located away from an initial crack with some inclination. In such configurations, an interface
ahead of the propagating fracture experiences compressional loading. Therefore, the strain energy
in (65) needs to be decomposed depending on the state of the strain as originally pointed out
by [5]. In the following examples, we employed the approach proposed by Miehe et al. [62] based
on a spectral decomposition of the strain.

4.1. Static crack impinging on an interface

This example aims to investigate the competition between deflection and penetration of a crack
that impinges into an interface. Consider a computational domain, Q = [0,L] x [-H/2, H/2],
with an edge crack I' = [0, ap] x {0} and an interface with an inclined angle, § under plane strain
condition (Fig. 12). The materials are homogeneous on either side of the interface. The specimen
has the edge length L = 2 and H = 1.8. We set b = 1.25¢. Also, the computational domain is
subjected to the surfing boundary conditions (Section 3.1). The remaining input data can be found
in Table 1.

He and Hutchinson et al. [38, 42] have studied a crack that impinges on an interface joining
bi-material that is subjected to remote static loading. For the homogeneous case, the ratio of
the mode-I static crack energy release rate (Gi) and the deflected crack tip (G'™) is a function of
interfacial angle, 8 [6, 83]:

5The total number of nodes is 5,621,772. The simulations were distributed to 960 cores over 20 nodes with 2x24
cores. The computational times were between 20 to 24 hours in the 3D examples.
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Figure 12: Schematic view of crack impinging on an interface.

gt 1 B 38\ (. B, . 38\
7 _16l<3COb2+COb2> +(bln2+bln2> ) (42)

For a deflecting crack at an interface, we consider the maximum energy release rate criterion
which is to find a propagation angle 6 that maximizes the energy release rate [19, 50]:

Gg(9)

. 43
oE830 (0] -
Using (42) and (43), the condition for crack penetration into the bulk is given as:
gint Gint
0 < = 44
Gr GPulk (44)
Otherwise it deflects into the interface [38, 42]. As predicted by this criterion, the crack deflects into
int int int Gint
the interface for G > ﬁ while the crack penetrates into the bulk for gg—l < GTCHH( (Fig. 13).

Both ATy and AT results depict the identical deflection/penetration behaviors.

4.2. Hydraulic fracturing with a natural fracture

In this example, we simulated hydraulic fracture interactions with a pre-existing natural fracture
which has a weaker toughness (partially cemented) than the bulk material, using the ATy model.
Consider a natural fracture with a length of I = 0.2 placed ag/2 away from the initial fracture with
an inclination angle of «v in the same setting as in Fig. 8 except that ag = 0.05 (Fig. 14). We consider
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(a) B = 30°-AT; (b) B = 30°-AT

(c) B =45°-ATy (d) B = 45°-AT,

(e) B =T70°-AT;

Phase field
o] 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

—_— ‘ ' ‘ ‘ i U —

Figure 13: Phase-field profile for crack impinging on an interface with different interfacial angle, 8. (a) - (d) show
int int

the crack deflecting into the interface ( G > Gf ), while (e) and (f) show that the crack penetrating into the
C

1

gint Gint
bulk < g < G’C ) The black line indicates the interface.
1 c
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two different angles, a = 90° and 165°, and two different interface toughness of Gint/GPulk = 0.2
and 0.5, which imply that the natural fractures respectively have 20% and 50% of the bulk fracture
toughness. The other material properties are the same as in Section 3.3.

natural fracture

Initial fracture

Bulk

Figure 14: Schematic view of hydraulic fracturing with a natural fracture.

Fig. 15 shows hydraulic fracture profiles at the initial condition, and at the injection vol-
ume of 0.35 (V = 0.35) for GI**/GPUX = 0.2 and 0.5 with o = 90°. The hydraulic fracture
in the G*t/Gbulk = (0.2 case (Fig. 15(b)) branches into two fractures. On the contrary, for the
Gint /GPuk = 0.5 case (Fig. 15(c)), the hydraulic fracture does not “see” the natural fracture and
keeps propagating in the original direction.

With a = 165°, the natural fracture impacts the hydraulic fracture paths significantly and
changes the direction for both G /GPUk = (0.2 and 0.5 cases (Fig. 16). Even though the hydraulic
fractures end up along the natural fracture in both cases, a careful observation can reveal that
the inflection angles towards the natural fracture are slightly different. The smaller G'**/GPulk,
the earlier the hydraulic fracture is attracted to the natural fracture (Figs. 16(b) and 16(c)). This
attraction towards the weak interface is possibly due to both numerics and physics. With the
smeared representation of crack, the crack tip can “feel” the presence of interfaces a little earlier
than the sharp representation counterpart. At the same time, as the crack approaches, the weaker
interface can start forming damage before the bulk material and thus can deform more, which
attracts the crack tip.

The question in practice would be whether we see any signatures on the pressure response [49,
68]. Turning our attention to the pressure responses, we see that in all the cases, the pressure first
builds up to the critical value and declines as the fracture grows (Fig. 17).

Though the natural fracture does not seem to impact the hydraulic fracture propagation path
for the o = 90° and GI*t/GPwk = 0.5 case (Fig. 15(c)), the pressure drops slightly when the
hydraulic fracture crosses the natural fracture (Fig. 17(a)). In other three cases, the pressures
drop substantially when the hydraulic fracture turns into the natural fracture, which agrees with
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(a) initial (b) Gint /Gbulk — 0.2

(c) Gint/Govk = 0.5

Phase field
0 0.1 0.2 0.3 04 05 06 07 0.8 0.9 1

— ! ‘ ' ‘ ‘ ‘ L —

Figure 15: Phase-field profile for hydraulic fracturing interacting with a natural fracture: (a) the initial crack is
represented by the phase-field and the physical location of the natural fracture with a = 90° is indicated by the
black line, (b) shows the Gint /GPUk = 0.2 case with fracture propagation along the natural fracture and (c) shows
the Gint /GPulk = 0.5 case where the hydraulic fracture bypassed the natural fracture.
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(a) initial (b) Gint /Gbulk — 0.2

(c) Gint/Ghulk = 0.5

Phase field
0 0.1 0.2 0.3 04 05 06 07 0.8 0.9 1

Figure 16: Phase-field profile for hydraulic fracturing interacting with a natural fracture: (a) the initial crack is
represented by the phase-field and the physical location of the natural fracture with o = 165° is indicated by the
black line, (b) shows a Git/GPWk = 0.2 and (c) the G /GP"K = 0.2 case. Both cases show the hydraulic fracture
turning into the natural fracture but with different angles.
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experimental observations [55, 60]. Once the fracture tip is out of the natural fracture, the higher

pressure is required to fracture the bulk rock.

One distinguished response is the double dip in the case for a = 90° and Git/Gbulk = (.2
(Fig. 17(a)). The first small drop occurs immediately before the hydraulic fracture hits the natural

fracture, then the second when branching preceded by a small build up.

Pressure
(3]
o
)

1.0 1

Branching

Build-up before branching

— 90° GIM/GPuIk — 0.2
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0.20

0.00 0.05 0.10 0.40
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(a) o =90°
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4.0 1 165° Gt /GP = 0.5
3.5 1
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o Fracturing in bulk rock
2.0 4 I
1.5 ]
1.0
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Figure 17: Pressure responses from all four cases of Section 4.2.
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5. Conclusion

In this study, we proposed an approach to approximate the effective interface fracture tough-
ness for a diffused interface by equating the diffused surface energy to the sharp representation.
In deriving the effective interface fracture toughness, we demonstrated that the widely accepted
exponential phase-field profile (ATs) applies only for a spatially uniform fracture toughness and the
optimal phase-field profile takes a different form otherwise. The optimal phase-field profile needs
to meet the Weierstrass-Erdmann conditions at the discontinuity for a spatially varying fracture
toughness considered in this study.

Our approach to model the interface is very simple compared to previously proposed methods
because:

1. the effective interface fracture toughness is computed from a closed-form equation without
the need of running extra simulations and
2. it does not require any changes in the existing phase-field implementation.

Despite its simplicity, the approach accurately reproduced the critical energy release rates in two
well known examples.
As our final remarks, we note two possible future studies.

1. If a crack propagates towards a stronger interface, the maximum energy release rate crite-
rion [19, 50] will ezclude the propagation along the interface. Quantitative investigation of
energy expenditures may be needed in such scenarios.

2. Hydraulic fracture interaction with natural fractures have been studied experimentally [43,
60], analytically [22] and numerically [24, 59, 80, 82]. Although some semi-analytical criteria
have been proposed in [33, 88|, further studies may be needed to establish a unified criterion
that includes the interface (natural fracture) toughness and behaviors of kinking and branching
as observed in this study.
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6. Appendix

6.1. Optimal phase-field profiles
In a general setting in 1D, we seek for v that minimizes

/OOO Ge(x)S(v, V) dz := /Ooo Ge(2) ((1 _/’)n +€|v'|2> dz (45)

4c,,

where ¢, is the normalizing parameter given by ¢, := fol(l —w)™2dw. In the followings, we derive
the optimal profile of v for AT; (n = 1) and ATy (n = 2) when G (z) is a piecewise constant as
defined in (13).

6.1.1. Optimal profile for ATy

We follow the procedures outlined in [32] closely in this construction. As discussed in 2.2.3, the
diffused length b needs to be within the transition length 2¢. For b < 2¢ and x € (0,b), a general
solution to the Euler-Lagrange equation is given as:

1
—Eaf—&—ﬁlx—kﬁs for 0 < <b,
v(z) = (46)

1
—@xz + Box+ B, for b<am.

To solve for B1, B2, B3, and B4, we use: (1) v(z) =0 at z =0, (2) the continuity of v(z) at = b,
(3) the first Weierstrass-Erdmann corner condition®, (4) the inequality conditions v(x) < 1, and
(5) v'(x) > 0.

From the boundary condition v(0) = 0, we have

B3 = 0. (47)
For the continuity at b, v(b — 0) = v(b+ 0), we get
Ba=b(B1 — B2). (48)
Substituting (48) into (46) gives
1
’U(l‘) = —E(l‘ - 2€2B2)2 + 3253 + b(ﬁl - 62) (49)

This is a negative parabola attaining the maximum abscissa of £28% + b(B; — Bo) at x = 202 3,.
Since z > 0, we have

B2 > 0. (50)
As the inequality condition requires that v(x) < 1, we have £235 + b(8; — 32) < 1. Furthermore, to

meet the inequality v(z) > 0, we need the parabola to reach the maximum value of 1 at x = 2(235.
Thus we have the limit case of:

B3 +b(B1 — B2) = 1. (51)
Finally, applying the first Weierstrass-Erdmann corner condition, @icntv’ lo=b—0 = GP50 | .y p0, We
get B as in (24). Then from (50), (51) and (24), we obtain (2 as in (25).

SThe second condition is required when b is unknown.
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6.1.2. Optimal profile for AT,
Similarly to the ATy case, a general solution for the phase-field profile is given by:

1— e/t — agem/g for 0 <z <,
v(z) = (52)

1 — age % — et for b< .
We can solve for ay, as, as, and a4, using the boundary conditions of (1) v =0 at 2 = 0 and
(2) v =1 with z — oo, (3) the first Weierstrass-Erdmann condition, and (4) the continuity of v.

From v(0) = 0, we have
a3 = 1-— aq. (53)

Applying v(co) — 1 yields
Qg = 0. (54)

The first Weierstrass-Erdmann condition provides
Gicm {ale*w/z -(1- al)ex/é} = GE“lkage*“;/g. (55)
Finally the continuity of v at © = b imposes
are /"t + (1- al)ew/e = e /¢, (56)
From (55) and (56), we obtain (18).

6.2. Limits of the effective interface fracture toughness

The effective interface fracture toughness proposed in this study are bounded in (0, G'*") with
the limits of b/¢.
For ATy, as b — 0 (b/¢ — 0), we have that

Gbulk 1
ﬁl — éci:ﬂt ﬁg and ﬁg — Z (57)
Applying (57) to (28) and (29) gives
4
v —0 and 79 — 3 (58)

Therefore, we obtain GI** — Gk and Gint — 0.
For the upper bound (b/¢ — oo or £ — 0), since b < 2/, it is given as b/¢ — 2. As we send
b — 20, we get

1 1
51 — z and ﬂg — Z (59)

Similarly, applying (59) to (28) and (29), we have
4
v — 3 and o — 0. (60)

Therefore, from (27), we obtain Gt — Gint,
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For AT,, as we send b — 0, we have
a2 (1 - e—z”/f) ~0 and (1-a?) (1 - e%/‘*) -0, (61)
and
aZe /0 1, (62)
Substituting (61) and (62) into (20), we have GI"* — GPulk and Gt — 0.
In the upper bound (b/¢ — o0), we have
o3 (1 - e‘2b/€> —1 and (1-—of) (1 - eQb/e) — 0, (63)
and
aZe 2/t 0. (64)
Putting (63) and (64) into (20) yields Gt — Girt,

6.3. Implementation of the variational phase-field model

The phase-field profiles discussed are the optimal profiles that minimize the surface energy
without the presence of the strain energy. In a variational phase-field model for fracture, u and v
are obtained through minimization of the Francfort-Marigo energy and no profile of v is imposed a
priori. Following [12], the energy functional is regularized as:

Fi ZZ/QUQW(U) dQ+/Q& (Wﬁawﬁ) dQ. (65)

4c,,

The strain energy is computed using a linearized strain, e(u) := (Vu + VuT)/2, as:
1
W(u) = §C ce(u) : g(u), (66)

where C is the fourth order linear elastic tangent operator.

Although the importance of splitting the strain energy into tension and compression parts have
been discussed by [5, 31, 62, 75, 77|, the isotropic strain energy as in the original model [12]
is sufficient to recover the closed form solutions for tensile dominant fracture in the verification
examples in Section 37.

In a discrete time series, we obtain u; and v; at a given time ¢; by minimizing:

(u;,v;) = argmin {Fy(u,v) : u € U(t;),v € V(ti,vi—1)}, (67)
where U is the kinematically admissible displacement set:
Ut)={ue H(Q):u=0 on 9Qp}. (68)

The kinematically admissible set of v requires an irreversible condition. We adopt the irreversible
condition introduced by [12, 13] where we set v(z) = 0 in:

CR(ti_l) = {l’ S Q: Vi—1 S 77}, (69)

"In Section 4, as the pre-scribed interface undergoes compression, we applied the strain energy split based on a
spectral decomposition [62].
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where 7 is a threshold. 7 = 1 corresponds to a strict irreversibility i.e. 0 < v(x) < v;_1 whereas
1 =~ 0 corresponds to a “soft” irreversibility which allows the material to heal unless fully broken.
Thus we have:

V(ti,vim1) ={veH' (Q):v=0 on CR(t;i_1)}. (70)

Taking advantage of the bi-convexity of (65), we solve the system by alternatively minimizing (65)
with respect to u and v. As the solution of v requires a variational inequality, we use a non-
linear solver provided by PETSc [7, 8]. Alternative ways to impose the irreversibility include an
augmented Lagrangian approach [81], use of history variable [2, 62], or a penalty based method [32].

The present model is implemented in an open source code, OpenGeoSys [9]. Further information
on the code and simulation examples are freely accessible at https://www.opengeosys.org/.

6.4. Variational phase-field model for hydraulic fracture

We extend the total energy function by adding the work done by the fluid pressure, fr py[u-n] dT,
where py is the “net” pressure defined as the excess pressure above the minimum stress and n is
the normal vector to I'. The jump quantity over I' can be approximated as [11, 21]:

/pf[[u~n]] dI‘z/pfu~Vde.
r Q

As the toughness dominated hydraulic fracturing regime considers no pressure loss in the crack, our
total energy yields as:

& ::/’UZW(u)dQJr/ Ge <(1_€”) +£W|2) dQ+pf/ u - VodQ. (71)
Q Q Q

4cy,

Unlike boundary load driven fracture where the boundary displacement is controlled with time
(e.g. the surfing example), hydraulic fracture is driven by fluid volume changes in the system.
Without fluid leak-off from the crack, the injected volume @Q; at ¢t = t; is equal to the crack volume
V= [, u-VudQ. Thus we minimize (71) with this mass balance constrain as:

(uj, v;;py) = argmin {Sg(u,v;p) rueU(t;),v e V(ti,vim1), Qi = / u-Vu dQ} . (72)
Q
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