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Abstract11

Significant volumes of water are injected into the subsurface for purposes such as maintaining12

reservoir pressure, enhancing production efficiency, or water disposal. In these operations, injection13

pressures are typically kept low to prevent the formation from fracturing. However, fractures may14

still be induced even at low injection pressures if the injected water cools the formation, causing15

thermal contraction. In this study, we numerically investigate thermally induced fractures during16

water injection using a variational thermo-hydro-mechanical phase-field model. Our simulation17

results show that cold water injection can nucleate multiple thermal fractures nearly orthogonal18

to a stimulated fracture, even if the injection pressure is below the fracturing pressure. Further19

simulation scenarios reveal that thermal fracture propagation is more likely with larger temperature20

differences, smaller in-situ stress anisotropy, and lower formation permeability. This study highlights21

the significant impact of thermal effects on fracture initiation and propagation, suggesting the need22

for careful consideration when regulating or managing fracture initiation during water injection.23

Keywords: Thermal fracturing; Phase-field model; Thermo-hydro-mechanical coupling24

1. Introduction25

As injection fluid temperature is often cooler than that of the subsurface, thermal effects on the26

subsurface stress during water injection have been long recognized (Perkins and Gonzalez, 1985;27

Stephens and Voight, 1982). Large amounts of water injection or hydraulic fracturing process28

can generate substantial thermal stress and impact the critical pressure for fracturing (i.e., “frac29

pressure”) or morphology of hydraulic fractures as demonstrated analytically (Enayatpour and30

Patzek, 2013; Perkins and Gonzalez, 1985), experimentally (Kumari et al., 2018; Li et al., 2020,31

2021a; Liu et al., 2020b; Zhou et al., 2018), or numerically (Cheng et al., 2020; Feng et al., 2016;32

Hustedt et al., 2008; Qu et al., 2017; Ran et al., 2024; Tarasovs and Ghassemi, 2011; Zhang et al.,33

2015; Zhou et al., 2022). Unlike hydraulic fractures, which tend to propagate on the orthogonal34

plane to the minimum principal stress, thermal fractures may propagate in the parallel direction to35

the “original” minimum principal stress direction, branching from the existing hydraulic fractures36
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once the local stress orientations are altered by the thermal effects as postulated by Perkins and37

Gonzalez (1985). Such branching may require substantial cooling of the rock (Enayatpour et al.,38

2019) or low-viscosity fluid, e.g., supercritical CO2 (Li et al., 2018).39

Compared to studies on thermal effects in hydraulic fracturing, less attention has been paid to40

low pressure water injection operation in geo-energy reservoirs (Kaya et al., 2011; Stefansson, 1997)41

or waterflooding (Sheng, 2014). Water injection usually operates with a lower rate (hence lower42

pressure) than hydraulic fracturing stimulation in permeable formations. Therefore, fractures are43

not considered to initiate or grow. However, with the presence of a near wellbore fracture, the44

prolonged injection period may induce tensile stress along the existing fracture, leading to eventual45

fracture initiation normal to the existing hydraulic fractures (Li et al., 2016c). Most works to date46

have focused on the thermal effects of water injection on the well performance (Bodvarsson, 1972;47

Martins et al., 1995; Shi et al., 2023), recovery efficiency (Liu et al., 2020a; Schroeder et al., 1982;48

Sun et al., 2019) and the risk of induced seismicity (Flóvenz et al., 2015; Gan and Elsworth, 2014;49

Parisio et al., 2019; Zang et al., 2014). Some studies investigated the deformation of fracture but50

assumed that the fracture propagation is limited on the plane normal to the minimum principal51

stress (Manchanda et al., 2019; Parisio and Yoshioka, 2020).52

Numerical simulation is instrumental for predicting thermal fracturing behaviors over a long-53

term water injection (Yoshioka et al., 2019b). As numerical tools for thermal fracturing, two pop-54

ular approaches are discrete and diffused methods. Li et al. (2016c) employed a discrete element55

method to simulate thermally induced microcracks in anisotropic thermal conductivity. Tomac and56

Gutierrez (2017) coupled a discrete element method with a bonded particle model to investigate57

the influence of fluid viscosity on fracture propagation. Yan et al. (2022) developed a novel two-58

dimensional finite discrete element method model and simulated the branching cracks along the59

main fracture in enhanced geothermal systems. A cohesive zone model has been proposed by Jiao60

et al. (2022) who combined it with a lattice boltzmann method and a discrete element method to61

study the synergistic effects of injected temperature difference and rock damage on fracture prop-62

agation. However, discrete approaches have disadvantages for fractures that coalesce or branch63

because such modeling requires a priori knowledge about the crack propagation path and complex64

remeshing strategy. For such complex thermal fracturing, the diffused approach is more appealing65

as it needs only one additional scalar field variable to represent fractures such as phase-field mod-66

els (Zhuang et al., 2022). Phase-field models of fractures have been demonstrated as a rigorous67

approach to model brittle fracturing in the last couple of decades. Based on the pioneering work68

of Bourdin et al. (2000, 2008), the approach has been extended to poro-elastic media (Bourdin69

et al., 2012; Chukwudozie et al., 2019; Mikelić et al., 2015; Wheeler et al., 2014)), and then to70

thermo-poro-elastic media (Li et al., 2021b; Noii and Wick, 2019; Suh and Sun, 2021; Wang et al.,71

2023; Yi et al., 2024). However, no phase-field model has been applied to thermal fracturing over72

long-term low-rate injection as it requires more intricate coupling between the thermal, hydraulic,73

and mechanical processes.74

In this study, we simulated thermally induced fractures during a long-term water injection, us-75

ing our novel Thermo-Hydro-Mechanical (THM) phase-field method (Liu et al., 2024) with the two76

additional modifications. Firstly, we generalized the poroelastic degradation formulation, which77

depends not only on the phase-field (damage) but also on the energy decomposition scheme, to78

incorporate a no-tension energy decomposition (Freddi and Royer-Carfagni, 2010) to avoid com-79

pressive failure under in-situ stress conditions. Sedondly, we introduced the term contributed from80

the mechanical deformation in the energy conservation equation, which has non-negligible impacts81

in fractured regions. Our numerical simulations of low-pressure injection demonstrate that thermal82
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cracks can nucleate in the direction nearly normal to the existing hydraulic fracture after days of83

injection with a certain degree of temperature difference. Furthermore, we observed that injection84

temperature, in-situ stress, and reservoir permeability affect thermal fracturing in morphology, pres-85

sure, and aperture. Our numerical simulations of thermal fracturing indicate that fracturing can86

occur even with low-pressure injection in highly permeable formations, which may have practical87

and regulatory implications in geoenergy operations.88

This paper is structured as follows. Section 2 provides the governing equations for the thermo-89

hydro-mechanical variational phase-field modeling of hydraulic fracturing and the details of the90

no-tension decomposition method. The numerical implementation and workflow of the staggered91

scheme are illustrated in Section 3. Section 4 conducts a numerical parametric study about ther-92

mal fracturing during reinjection with different fracture patterns, and the results are discussed in93

Section 5. Final conclusions are drawn in Section 6.94

We use the following notations throughout the paper. The second-order identity tensor is95

denoted by I. The trace operator Tr(·) acting on the second-order tensors A is defined as Tr(A) =96

δ : A. ∇(·) is the gradient of (·). A repeated index in subscript follows Einstein’s summation97

convention i.e., aibi = a1b1 + a2b2 + a3b3 for i =1,2,3. However, this convention is ignored for an98

index in parentheses, e.g., a(i)b(i).99

2. Methods100

2.1. Variational phase-field model for fracture101

Fig.1 describes the existing crack set Γ in thermo-poroelastic medium Ω with the Dirichlet102

boundary ∂DΩ and Neumann boundary ∂NΩ. Considering the body force b and traction t̄ on103

the outer boundary CN, the Francfort-Marigo energy functional E (Francfort and Marigo, 1998)104

containing the discrete crack in Fig. 1a writes105

E(ε(u), Γ ) :=
∫
Ω\Γ

ψ(u) dV +

∫
Γ

Gc dS, (1)

where ε(u) is the linearized strain defined as ε = 1
2 (∇u+∇Tu) with u being the displacment, ψ is106

the strain energy density and Gc is the critical energy release rate, the energy required to create a107

fracture surface per unit area. With this definition of the total energy, Francfort and Marigo (1998)108

recast the Griffith’s crack as a variational problem of:109

(u, Γ ) = argmin
u,Γ

E(ε(u), Γ ). (2)

To alleviate the implementational difficulties of the discrete crack, we follow the regularization of110

Eq. (1) by Bourdin et al. (2000). As shown in Fig.1b, a phase-field variable υ is introduced that111

represents a state of the material from intact (υ = 1) to fully broken (υ = 0) and E is regularized112

as113

Eℓ(ε(u), υ) :=
∫
Ω

ψ(u, υ) dV +

∫
Ω

Gc

4cn

[
(1− υ)n

ℓ
+ ℓ∇υ · ∇υ

]
dV, (3)

where cn is the normalizing parameter defined as cn =
∫ 1

0
(1 − s)n/2 dS (Mesgarnejad et al., 2015;114

Tanné et al., 2018). For n = 1 and n = 2, the model is called AT1 model and AT2 model, respec-115

tively (Pham et al., 2011). Also, ℓ is the characteristic parameter with the dimension of a length116
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that controls the phase-field profile transition. The generic form of strain energy density ψ(u, υ) in117

Eq. (3) is defined as118

ψ(u, υ) =
1

2
g(υ)C+ : ε : ε+

1

2
C− : ε : ε

=
1

2
Ceff(υ) : ε : ε,

(4)

where119

Ceff(υ) = g(υ)C+ + C−, (5)

with the degradation function g(υ)1. Note the expression for Ceff depends on the energy decom-120

position scheme and ψ(u, υ) acknowledges the phase-field variable υ and is continuous over Ω for121

integration.122

2.2. Variational phase-field fracture model in thermo-poro-elastic medium123

For the thermo-poro-elastic medium, the regularized functional can be extended to124

F(ε(u), υ, ζ, T ) :=
∫
Ω

ψe(u, T, υ) dV +

∫
Ω

ψf (u, ζ, υ) dV +

∫
Ω

ψT (T, υ) dV

+

∫
Ω

Gc

4cn

[
(1− υ)n

ℓ
+ ℓ∇υ · ∇υ

]
dV.

(6)

p and T represent the pressure and temperature field. The strain energy density ψ is assumed to125

be decomposed into elastic, hydraulic and thermal parts.126

Denoting the elastic strain with εe and the thermal strain with εT , the total strain is written127

as ε = εe + εT , and the thermal strain is given by128

εT (u) = β∆T I, (7)

where β is the thermal expansion coefficient. The elastic strain energy is then given as129

ψe(u, υ, T ) =
1

2
Ceff(υ) : εe : εe

=
1

2
Ceff(υ) :

(
ε(u)− β∆T I

)
: (ε(u)− β∆T I) .

(8)

The hydraulic energy of pore fluid is given as (Coussy, 2004; Li et al., 2021b; Yi et al., 2024)130

ψf (u, υ, ζ) =
Mp

2
[α(υ)Tr(εe)− ζ]2 , (9)

where α(υ) and Mp are Biot’s coefficient and modulus, and ζ is the incremental content of fluid.131

Without the thermal expansion effect, ζ writes (Biot, 1962; Mikelić et al., 2015)132

ζ = α(υ)Tr(εe) +
p

Mp
. (10)

1In this study, we employed g(υ) = (1−k)υ2+k where k is a phase-field parameter representing residual stiffness,
which keeps the system of equations well-conditioned for the partly-broken state (Bourdin et al., 2000).
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Following the formulation proposed in You and Yoshioka (2023), Biot’s coefficient α(υ) is133

α(υ) = 1− Keff(υ)

Ks
, (11)

where Keff(υ) and Ks are the bulk moduli of effective media and solid grain. The effective bulk134

modulus does not only depend on υ but also on the type energy decomposition scheme applied.135

For the volumetric-deviatoric energy decomposition (Amor et al., 2009), the expression of Keff is136

given in You and Yoshioka (2023), but the general expression of Keff can also be obtained with the137

expression of Ceff(υ) and spherical projection Psph = 1
3I as138

Keff(υ) =
1

9
Tr(Psph : Ceff(υ) : I). (12)

By defining the degradation coefficient gk with the initial bulk modulus K as139

gk = Keff(υ)/K, (13)

we can rewrite effective Biot’s coefficient in Eq. (11) as140

α(υ) = 1− Keff(υ)

Ks
= 1−Keff(υ)

1− αm

K
= 1− gk(1− αm), (14)

where αm is the initial Biot’s coefficient.141

The thermal energy ψT is assumed to have no mechanical or hydraulic contribution and thus142

we have143

ψT (T ) = (ρc)m

[
(T − Tref)− T ln

(
T

Tref

)]
(15)

where Tref is the reference temperature. (ρc)m is the equivalent heat storage for porous medium144

given by145

(ρc)m = ϕcp,fρf + (1− ϕ)cp,sρs (16)

where cp,f and cp,s are the specific heat of fluid and solid respectively, ρ is the density, and ϕ is the146

porosity. The total stress can be obtained by taking the derivative of F with respect to ε as147

σ = Ceff(υ) : ε(u)− α(υ)pI− 3βKeff(υ)∆T I. (17)

The expression for Ceff is determined by the energy decomposition scheme. Among many148

energy decomposition schemes, most widely used models are volumetric-deviatoric model (Amor149

et al., 2009), no-tension model (Freddi and Royer-Carfagni, 2010) and spectral model (Miehe et al.,150

2010). In this study, we apply the no-tension model (see Appendix A for details), considering that151

the deep buried rock has a high compressive strength.152

2.3. Mass transfer model153

Considering the equivalent properties, the mass balance for a fracture-porous system is given as154

∂

∂t

(
α(υ)∇ · u+

p

Mp(υ)
− T

MT (υ)

)
+∇ · (qf ) = Qf in Ω, (18)
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(a) (b)

Fig. 1. Phase-field representation of (a) a discrete crack and (b) a diffused crack in thermo-poroelastic
medium.

whereMT (υ) is the effective thermal storage coefficient that describes the thermal expansion in the155

incremental content of fluid and Qf is the source term. We employ Darcy’s law for the fluid flux156

qf :157

qf = −K

µ
∇(p+ γfz) in Ω, (19)

with the permeability tensor K, fluid viscosity µ, the specific body force γf and the vertical co-158

ordinate z. In fractures, an anisotropic permeability is applied with the enhancement taking into159

account the Poiseuille-type flow (Miehe and Mauthe, 2016; Miehe et al., 2015)160

K = KmI+ (1− υ)ξ ω
2

12
(I− nΓ ⊗ nΓ ) (20)

where Km is the initial isotropic permeability, ξ ≥ 1 is a weighting exponent You and Yoshioka161

(2023). In this study we apply ξ = 50. nΓ is the normal vector along the interface. Moreover, the162

real fracture width ω is calculated by the maximum principal strain as163

ω = heε1. (21)

Regarding the porosity update, we apply the equation from the work of Liu et al., 2024:164

ϕ(ε) = ϕ+ ε1. (22)

With the effective porosity in Eq. (22) and Biot’s coefficient in Eq. (14), effective Biot’s coefficient165

and average thermal expansion coefficient are updated as166

1

Mp(υ, ε)
= ϕ(ε)cf +

α(υ)− ϕ(ε)
Ks

, (23)
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167

1

MT (υ, ε)
= ϕ(ε)αf + 3β (α(υ)− ϕ(ε)) (24)

where cf is the fluid compressibility, Ks is the solid phase’s intrinsic bulk modulus, and αf is the168

fluid volumetric thermal expansion coefficient.169

2.4. Heat transfer model170

The energy conservation in porous medium can be written (Li et al., 2016a):171

3βKeffT
∂(∇ · u)

∂t
+ (ρc)m

∂T

∂t
+∇ · (qT ) = QT , (25)

where QT is the source term and qT is the heat flux. The first term is the thermal effect due to the172

deformation, which was not included in our previous model (Liu et al., 2024), but has non-negligible173

impacts when the rock is fractured and experiences substantial deformation. We assume the local174

thermal equilibrium to unify the temperatures over Ω. qT is composed of advective and conductive175

terms, and using Fourier’s law we can write176

qT = ρfqfcfT − λeff∇T, (26)

with effective thermal conductivity defined as177

λeff(ε) = ϕ(ε)λf + (1− ϕ(ε))λs. (27)

Also, the effective heat storage coefficient in Eq. (16) can now be rewritten as178

(ρc)m(ε) = ϕ(ε)cp,fρf + (1− ϕ(ε))cp,sρs. (28)

Substituting Eq.(26) into Eq. (25), we have179

3βKeffT
∂(∇ · u)

∂t
+ (ρc)m

∂T

∂t
+ cp,fρfqf · ∇T −∇ · λeff∇T = QT . (29)

3. Numerical implementation180

The displacement U and phase-field υ are obtained from Eq.(6) by minimizing F , which can be181

stated as182 
(ui, υi) = argmin {F(ε(ui), υi; ζ, T ) : u ∈ U(ti), υ ∈ V(ti, υi−1)}
U(ti) =

{
u ∈ H1(Ω) : u = 0 on ∂NΩ

}
V(ti, υi−1) =

{
υ ∈ H1(Ω) : 0 ≤ υ(x) ≤ η ∀x

} , (30)

where

η =

{
1 if υi−1(x) ≥ υir
υi−1(x) otherwise

and υir is the irreversible threshold ∈ [0, 1] (e.g. 0.05). Because of the irreversibility, the phase-field183

needs to be solved with the inequality constraint, Eq. 30-3 (see You and Yoshioka (2023) for details).184

We follow an alternate minimization scheme proposed by Bourdin et al. (2000) where we minimize185
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F with respect to the displacement u while fixing the phase-field υ and then minimize F with186

respect to υ with fixed u. Taking a directional derivative of Eq. (6) with respect to u (wu ∈ H1)187

and υ (wυ ∈ H1), we arrive at the weak forms of mechanical deformation and phase-field evolution:188 ∫
Ω

∇wu · [Ceff : εe − α(υ)pI] dV −
∫
Ω

b ·wu dV −
∫
CN

t̄ ·wu dS = 0 (31)

189 ∫
Ω

wυ

[
2(1− k)υψ+(u)−

p2

2

∂1/Mp(υ)

∂υ

]
dV −

∫
Ω

wυ
Gc

4cn

n

ℓ
(1− υ)n−1 dV,

−
∫
CN

Gc

2cn
ℓ∇wυ · ∇υ dV = 0.

(32)

To solve for the pressure and temperature fields, we can derive the weak forms of mass and heat190

transfer equations with the variations wp ∈ H1 and wT ∈ H1 as191 ∫
Ω

∂

∂t

(
α(υ)∇ · u+

1

Mp(υ, ε)
p− 1

MT (υ, ε)
T

)
wp dV +

∫
Ω

K

µ
∇p · ∇wp dV

=

∫
Ω

Qfwp dV −
∫
CN

qnwp dS,

(33)

and192 ∫
Ω

(ρc)m(ε)
∂T

∂t
wT dV +

∫
Ω

wT cfρfqf · ∇T dV +

∫
Ω

λeff(ε)∇T · ∇wT dV

=

∫
Ω

QTwT dV −
∫
CN

qTnwT dS.

(34)

For this four-field coupled problem i.e., Eqs. (31), (32), (33), (34), we employed a staggered193

scheme (Brun et al., 2020; Wang et al., 2009). The system is solved in a sequence of υ− (T −p−u)194

in which a global loop is set between υ and the sub-loop (T − p − u) in the sub-loop, T , p and u195

are solved in a staggered manner. The time discretization of Eqs. 33 and 34 for the ith iteration196

scheme of time step k is shown as197 ∫
Ω

3βKeffT
k,i εvol(u

k,i−1)− εvol(uk−1)

∆t
wT dV +

∫
Ω

(ρc)m(ε)
T k,i − T k−1

∆t
wT dV

+

∫
Ω

wT cfρfq
k,i−1
f · ∇T dV +

∫
Ω

λeff(ε)∇T k,i · ∇wT dV =

∫
Ω

QTwp dV −
∫
CN

qTnwT dS.

(35)

with198

qk,i−1
f = −K

µ
∇pk,i−1 (36)

and199 ∫
Ω

(α
εvol(u

k,i)− εvol(uk−1)

∆t
+

1

Mp

pk,i − pk−1

∆t
− 1

MT

T k,i − T k−1

∆t
)wpdV +

∫
Ω

K

µ
∇pk,i · ∇wpdV

=

∫
Ω

QfwpdV −
∫
∂NΩ

qnwpdS.

(37)
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To stabilize the sub-loop, we apply the fixed-stress splitting method by freezing the volumetric200

stress, we set201

Keffεvol(u
k,i)− αpk,i − 3αsKeff(T

k,i − T0)
= Keffεvol(u

k,i−1)− αpk,i−1 − 3αsKeff(T
k,i−1 − T0).

(38)

Thus, we have202

εvol(u
k,i) = εvol(u

k,i−1)
α

Keff
(pk,i − pk,i−1) + 3αs(T

k,i − T k,i−1). (39)

Then, substituting Eq. (39) into Eq. (37), we can eliminate the volumetric strain in the current203

iteration. The computational procedure is outlined in Algorithm 1, which has been implemented in204

an open-source code, OpenGeoSys (Bilke et al., 2023; Yoshioka et al., 2019a). The code has been205

verified in Liu et al. (2024) for hydraulic fractures in thermo-poroelastic media by one-dimensional206

Terzaghi’s problem, one-dimensional thermal consolidation problem and the KGD hydraulic fracture207

propagation.208

Algorithm 1 A staggered solution of THM phase-field modeling

Require: Tolerence: δυ, δT , δp, δu, maximum number of iteration for global loop mg
max, maximum

number of iteration for subloop ms
max, total time step n etc.

Ensure: Displacement u, temperature T , pressure p and phase-field υ.
1: for k ← 1 to n do
2: /* Alternate minimization algorithm */
3: while ∆υ ≥ δυ and j ≤ mg

max do
4:

5: υk,j = Step υ(T k,j−1, pk,j−1,uk,j−1);
6: UpdateFractutreWidth(u, υ);
7: ∆υ = |υk,j − υk,j−1|; ▷ Solve Eq.(32)
8:

9: /* THM coupling algorithm */
10: while ∆T ≥ δT , ∆p ≥ δp, ∆u ≥ δu and i ≤ ms

max do
11: T k,i = Step T(pk,i, υk,i); ▷ Solve Eq.(34)
12: ∆T = |T k,i − T k,i−1|;
13: /* fixed stress splitting method with Eq.(39)*/
14: pk,i = Step p(T k,i,uk,i−1, pk,i−1, υk,i); ▷ Solve Eq.(33)
15: ∆p = |pk,i − pk,j−i|;
16: uk,i = Step u(T k,i, pk,i, υk,i); ▷ Solve Eq.(31)
17: UpdateFractutreWidth(u, υ);
18: ∆u = |uk,i − uk,i−1|;
19: i = i+ 1;
20: end while
21:

22: j = j + 1;
23:

24: end while
25: end for
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4. Thermal propagation during reinjection209

This section presents a simulation study of the thermal fracture propagation for the five-spot210

pattern production scenario. Taking advantage of the symmetry, a quarter of the five-spot pattern211

was simulated where an injection well is located at the lower left corner while a production well is212

located at the upper right corner (Fig. 2). The initial reservoir temperature is 353.15K and cold213

water is injected into the reservoir with various degrees of temperature difference, ∆T = Tres−Tinj,214

for 30 days while the producer maintains a constant bottom hole pressure at the initial reservoir215

pressure of 13 MPa. Because of the symmetry, the displacements in the normal direction are fixed216

at the left and bottom boundaries. Boundary loadings on the top and the right edges are applied to217

induce the stress of 20.5 MPa in the x-direction and 20 MPa in the y-direction. No flow boundary218

condition is applied at all the edges.219

We consider that the injection well is hydraulically stimulated with a fracture length of 5m220

in the direction normal to the minimum stress (x-direction). Also, we assume that fractures will221

never heal (close) completely and assign a minimum fracture width of 3×10−5m once nucleated.222

Other mechanical, thermal, and hydraulic parameters are listed in Table 1. We take into account223

a temperature-dependent fluid viscosity as with the following model (Magri et al., 2017):224

µ(T ) = µ0e
−0.016×(T−T0) (40)

where µ0 = 1 cp and T0 = 293.15K.225

Table 1 Parameters for the reference case

Input parameters Value Unit

Young’s modulus (E) 17 GPa

Poisson’s ratio (v) 0.2 -

Critical surface energy release rate (Gc) 50 N/m

Biot coefficient (αm) 0.9 -

Porosity (ϕm) 0.1 -

Reservoir permeability (Km) 100 md

Initial reservoir pressure 13 MPa

Initial reservoir temperature (Tres) 353.15 K

Thermal conductivity of rock and fluid(λ) 3, 0.5 W/(m· K)

Thermal expansivity of rock (αs) 1e-5 1/K

Specific heat capacity of rock and fluid (cp,s, cp,f ) 800, 4200 J/(kg· K)

Injection rate (Q) 4.5e-3 m3/s
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Fig. 2. Illustration of water flooding setup.

4.1. Sensitivity study226

The following sub-sections present simulation results to study 4 different impacts: 1) tempera-227

ture dependency of viscosity, 2) temperature difference, 3) in-situ stress anisotropy, and 4) formation228

permeability.229

Temperature dependency of viscosity230

We simulated two different scenarios to assess the impact of temperature dependency on vis-231

cosity: one with a constant water viscosity at the reservoir temperature of 353.15 K and the other232

with a temperature-dependent viscosity under the injection temperature of 313.15K (∆T = 40K).233

Fig. 3 shows the induced fractures (phase-field profiles) after 30 days of injection. Several fractures234

nucleated and propagated. Thermal fractures are induced in the direction parallel to the minimum235

direction (y-direction), unlike hydraulic fractures. The water viscosity is high at a low temperature,236

but it decreases as it leaks into the warmer reservoir. If we neglect the temperature dependency of237

the water viscosity, the viscosity of injected water remains low and sustains fewer thermal cracks238

(Fig. 3b) and lower pressure in Fig. 3c. We consider this case with the temperature-dependent239

viscosity, the temperature difference of 40K, the stress differential of 0.5 MPa, and the reservoir240

permeability of 100 md as a reference case in the following analyses.241

Temperature difference242

Here, we present simulation results with ∆T = 30K, 40K, and 50K to study the impacts of243

the temperature difference on the fracture propagation. Thermal fractures are induced with ∆T =244

40K and 50K but not with ∆T = 30K (Fig. 4), indicating that ∆T = 30K is not enough to induce245

11

This preprint research paper has not been peer reviewed. Electronic copy available at: https://ssrn.com/abstract=4987072

Pr
ep

rin
t n

ot
 p

ee
r r

ev
ie

wed



(a) (b)

(c)

Fig. 3. Comparison between the fracturing cases of constant fluid viscosity and temperature-dependent
fluid viscosity. (a) Fracture propagation under temperature-dependent fluid viscosity. (b) Fracture prop-
agation under constant fluid viscosity. (c) Pressure at injection point under temperature-dependent and
constant fluid viscosity.
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the critical thermal contraction in this case. Also, for lower injection temperature (higher ∆T ),246

the fluid viscosity is lower. And lower fluid viscosity increases the injection pressure, which can be247

seen in the results between ∆T = 40K and 30K (Fig. 4c). However, higher pressure pressure also248

induces a larger number of thermal fractures and increases the fracture widiths, which decreases249

the pressure. For this reason, the pressure responses from ∆T = 50K and 40K are similar despite250

the lower viscosity for the ∆T = 50K case.251

(a) (b)

(c)

Fig. 4. Comparison between the fracturing cases under various temperature differences. (a) Fracture
propagation under ∆T = 50K. (b) Fracture propagation under ∆T = 30K. (c) Pressure at injection point
under ∆T = 50, 40 and 30K.
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In-situ stress anisotropy252

This example analyzes thermal fracturing behaviors under different in-situ stress anisotropy. In253

addition to the reference case stress differential of 0.5 MPa, we consider the stress differential of254

0 MPa and 1 MPa by changing the stress in the x-direction to 20 and 21 MPa. Fig. 5 shows that255

for higher stress differentials, it is more difficult to reverse the minimum principle stress around256

the main hydraulic fracture. Consequently, fewer and shorter thermal cracks nucleate along the257

main hydraulic fracture for higher stress differentials. As more thermal fractures nucleate with the258

isotropic stress case (0 MPs), the pressure at the injection point is slightly lower than the anisotropic259

cases (Fig. 5c). However, the stress differentials tested in this example overall do not have much260

impact on the evolution of pressure.261

Formation permeability262

Lastly, we simulated scenarios with different formation permeabilities of 80 md and 120 md in263

addition to the reference case of 100 md (Figs. 6a and 6b). At the same injection rate, a lower264

formation permeability imposes a higher injection pressure (Fig. 6c). Thus, more thermal fractures265

are induced by a higher injection pressure in a lower formation permeability, though the pressure266

responses do not exhibit clear indications of fracturing (e.g., pressure breakdowns). We note that267

the permeability is still high even for the “low” permeability case considered here (80 md), and268

that, while it is short, a fracture is still induced thermally in the high permeability formation of269

120 md by water injection.270

4.2. Fracture evolution271

Through the sensitivity studies, we observed that the thermal process controls the nucleation,272

and the hydraulic process controls the propagation of fractures. In the reference case, multiple273

cracks nucleate first, and some of them outcompete the others (Fig. 7). Because a longer fracture274

receives more fluid, once a fracture grows longer than others, this fracture tends to grow even275

further.276

If the stress differential is small, it is easier for these thermally induced fractures in the orthogonal277

direction to the principle minimum stress direction to grow. On the other hand, if the reservoir278

permeability is high, fluid leaks off to the formation, and the newly generated fractures do not retain279

enough fluid pressure to propagate further. This fluid leak-off is evidenced by the temperature280

profiles (Fig. 8). In the early time when fractures nucleate and grow, the formation temperature in281

the vicinity of the fractures is cooled (Fig. 8b), but over time a much wider region is cooled more282

uniformly (Fig. 8d).283

The gradual dissipation of the local temperature gradient (Fig. 8) also leads to fracture closure284

as shown in the average fracture widths over time (Fig. 9), which has been also reported by exper-285

imental and numerical studies by (Lima et al., 2019; Petrova and Schmauder, 2015). The fractures286

close more quickly for the higher intermediate principle stress (or higher stress differential) as shown287

in Fig. 9a. For a higher reservoir permeability, the resultant lower injection pressure causes less288

fracture openings. However, for the case with Km = 120 md, fewer fractures are induced, and289

thus the average fracture opening is comparable to that of the Km = 100 md case (Fig. 9b). In290

all the cases, we see that the fractures eventually close to the prescribed minimum residual value291

(3×10−5m) as the temperature gradient dissipates locally.292
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(a) (b)

(c)

Fig. 5. Comparison between the fracturing cases under different in-situ stress. (a) Fracture propagation
under ∆σ = 0 MPa. (b) Fracture propagation under ∆σ = 1.0 MPa. (c) Pressure at injection point
under ∆σ = 0, 0.5 and 1.0 MPa.
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(a) (b)

(c)

Fig. 6. Comparison between the fracturing cases under different formation permeabilities. (a) Fracture
propagation under Km = 80 md. (b) Fracture propagation under Km = 120 md. (c) Pressure at injection
point under Km = 80, 100 and 120 md.
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(a) t = 11 h. (b) t = 27.5 h. (c) t = 44 h. (d) t = 30 d.

Fig. 7. Fracture evolution in the case where Km = 80 md, ∆T = 40 K and ∆σ = 0.5 MPa.

(a) t = 11 h. (b) t = 27.5 h. (c) t = 44 h. (d) t = 30 d.

Fig. 8. Thermal front evolution in the case where Km = 80 md, ∆T = 40 K and ∆σ = 0.5 MPa.

(a) (b)

Fig. 9. The evolution of the averaged opening of thermal fractures in the studies of (a) in-situ stress
anisotropy and (b) formation permeability.
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5. Discussion293

Long-term water injection may fracture the reservoir formation even with high permeability294

and porosity. To initiate fracture under the confining stress, the fluid pressure must overcome the295

minimum principle stress and some tensile strength of the material. If we use the uniaxial tensile296

strength calculated by the masonry decomposition model with AT1 model Li et al. (2016b), we have:297

pb = σh +

√
3GcE(1− ν)

8ℓ(1− 2ν)(1 + ν)
. (41)

Then, the critical pressure would be 21.33 MPa, with the properties used in this study, Based on298

this critical pressure, a regulatory injection pressure limit may be set to 90% (19.2 MPa). In all299

of our cases studied, however, the pressures never exceed this value, and thermal fractures are still300

induced in some cases.301

The thermal fractures are developed in our simulations, where thermal conduction with intense302

convection from injection creates a large temperature gradient around the existing hydraulic frac-303

ture, inducing enough thermal tensile stress to initiate fractures. Other works reported that thermal304

stress enhances the propagation of hydraulic fractures during injection, but few analyzed the pos-305

sibility of a new set of thermal fracture nucleation due to the modeling limitation on a number306

of propagating fractures or fracture directions (Parisio et al., 2019; Parisio and Yoshioka, 2020).307

Without such modeling limitations on fracture propagation, we were able to analyze the possibility308

of thermal fracturing.309

Our analyses indicate that, even if the injection pressure remains lower than the critical pres-310

sure, formation fracturing is possible in practical scenarios of water injection into high permeable311

formations cases such as geothermal doublet systems or water flooding. Furthermore, injection312

pressure does not exhibit a sudden pressure drop, which is typically detected in hydraulically in-313

duced fracturing. Thus, detecting the onset or propagation of thermal fracturing may be difficult, if314

not impossible, from monitoring the pressure responses alone. This presents a significant challenge315

for operators and regulators, requiring additional monitoring measures, such as acoustic emission316

sensors if the objective is to prevent the fracturing of the formation entirely.317

In this study, we assumed a minimum residual fracture width. This assumption may only318

be reasonable for investigating the propagation of thermal fractures However, for production per-319

formance analyses, one may need a more elaborated treatment of residual fracture width (e.g.,320

reduced fracture stiffness) as some studies have reported that the changing hydraulic and heat321

transfer properties in unpropped fractures can affect production and the production may in turn322

induce the fracture closure with the pressure depletion(Lee et al., 2016; Shu et al., 2020; Wei et al.,323

2024). Additionally, our model is currently limited to single-phase flow. For other geoenergy ap-324

plications, such as water flooding or CO2 storage, understanding how injected fluids diffuse in the325

presence of thermal fractures is crucial. Future studies could extend our simulation scenarios to326

higher reservoir temperature conditions, such as supercritical geothermal systems, where complex327

fluid phase transitions occur. It would also be valuable to consider the interaction between natural328

faults and secondary fractures in deep reservoirs, as some studies suggest a potential link between329

fracture reactivation and induced seismicity (Rutqvist et al., 2013; Wassing et al., 2014).330
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6. Conclusions331

This paper investigated thermal fracturing during a long-term water injection. We used a332

quarter model to simulate a five-spot pattern of water injected into a high-permeability reservoir.333

From our simulations, we can draw the following conclusions:334

1. Fractures can be induced even in high-permeability formation even without exceeding the335

critical fracture pressure as long as a sufficiently large temperature difference is provided.336

2. More thermally induced fractures propagate when in-situ stress differentials are lower, or337

when the in-situ stress is more isotropic.338

3. The occurrence of thermal fractures leaves no discernible impact on pressure responses, mak-339

ing fracture detection nearly impossible and potentially necessitating additional geophysical340

monitoring programs.341

4. In the high-permeability formations considered in this study, induced fractures gradually close342

over time, and their hydraulic contributions diminish.343
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Appendix A. Implementional details of the no-tension model in 3D352

In the no-tension model, the strain is decomposed so that the positive strain (ε+) is a positive353

definite tensor and is coaxial with ε. Let (ε1, ε2, ε3) be a spectral decomposition of ε such that354

ε1 ≥ ε2 ≥ ε3. Then we have355

ε =

3∑
i=1

εin(i) ⊗ n(i) := εiMi, (A.1)

where n(i) represents an eigenvector. Then the positive and the negative strains are356

ε+ =

3∑
i=1

ain(i) ⊗ n(i) = aiMi, ε− =

3∑
i=1

bin(i) ⊗ n(i) = biMi, (A.2)

where ai =
εi+|εi|

2 and bi = εi − ai so that ε = ε+ + ε−. Then the positive and negative strain357

energy densities are given by:358

ψ+ =
λ

2
(Tr (ε+))

2 + µε+ : ε+, (A.3)
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and359

ψ− =
λ

2
(Tr (ε−))

2 + µε− : ε−. (A.4)

In the original work of Freddi and Royer-Carfagni (2010), the implementational details (e.g.360

tangential stiffness tensors) are not available, and also their implementations are in 2D. In the361

followings, we derive the implementation details in 3D.362

According to the strain energy definitions, the corresponding stresses can be obtained2 as363

σ+ =
∂ψ+

∂ε
=
∂ψ+

∂εi
Mi =

∂ψ+

∂ak

∂ak
∂εi

Mi

=
∑
k

(
λTr (ε+) + 2µa(k)

)
α(k)iMi := fiMi

(A.5)

and364

σ− =
∂ψ−

∂ε
=
∂ψ−

∂εi
Mi =

∂ψ−

∂bk

∂bk
∂εi

Mi

=
∑
k

(
λTr (ε−) + 2µb(k)

)
β(k)iMi := giMi

(A.6)

where

αki =
∂ak
∂εi

, and βki =
∂bk
∂εi

.

The tangential stiffness tensors can be obtained by taking a derivative of the stress tensors as365

C+ =
∂σ+

∂ε
=
∂fi
∂εj

Mi ⊗Mj + h+,ijMi ⊙Mj

= (λ+ 2µδkl)αliαkjMi ⊗Mj + h+,ijMi ⊙Mj

(A.7)

and366

C− =
∂σ−

∂ε
=
∂gi
∂εj

Mi ⊗Mj + h−,ijMi ⊙Mj

= (λ+ 2µδkl)βliβkjMi ⊗Mj + h−,ijMi ⊙Mj

(A.8)

where367

∂fi
∂εj

=
∂fi
∂ak

αkj = αkj
∂

∂ak
(λTr (ε+) + 2µam)αmi

=
∑
k

∑
l

α(l)iα(k)j

(
λ+ 2µδ(k)(l)

)
,

(A.9)

368

∂gi
∂εj

=
∂gi
∂bk

βkj = βkj
∂

∂bk
(λTr (ε−) + 2µbm)βmi

=
∑
k

∑
l

β(l)iβ(k)j
(
λ+ 2µδ(k)(l)

)
,

(A.10)

2We refer to Silhavy (1997) for the derivatives of scalar and tensor valued functions with respect to a scalar or
tensor used in this Appendix.
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h+,ij =



f(i) − f(j)
ε(i) − ε(j)

=
(λTr (ε+) + 2µak)

(
αk(i) − αk(j)

)
ε(i) − ε(j)

if ε(i) ̸= ε(j)

∂f(i)

∂ε(i)
−
∂f(j)

∂ε(i)
= (λ+ 2µδkl)αk(i)

(
αl(i) − αl(j)

)
if ε(i) = ε(j)

0 if i = j

, (A.11)

and369

h−,ij =



g(i) − g(j)
ε(i) − ε(j)

=
(λTr (ε−) + 2µbk)

(
βk(i) − βk(j)

)
ε(i) − ε(j)

if ε(i) ̸= ε(j)

∂g(i)

∂ε(i)
−
∂g(j)

∂ε(i)
= (λ+ 2µδkl)βk(i)

(
βl(i) − βl(j)

)
if ε(i) = ε(j)

0 if i = j

. (A.12)

The decomposition of the positive and the negative strains is described in Sacco (1990) and370

summarized in Algorithm 2. Accordingly, all the necessary coefficients, αij and βij are:371

α11 = H1 + (1−H1)H2 + (1−H1)(1−H2)H3,

α12 =
ν

1− ν
(1−H1)(1−H2)H3,

α13 = ν(1−H1)H2 +
ν

1− ν
(1−H1)(1−H2)H3,

372

α21 = 0, α22 = H1 − (1−H1)H2, α23 = ν(1−H1)H2,

α31 = 0, α32 = 0, α33 = H1,

373

β11 = 1− α11, β12 = −α12, β13 = −α13,

β21 = −α21, β22 = 1− α22, β23 = −α23,

β31 = −α31, β32 = −α32, β33 = 1− α33,

where374

H1 = H (ε3) , H2 = H (ε2 + νε3) , H3 = H ((1− ν)ϵ1 + ν(ε2 + ε3)) .

References375

Amor, H., Marigo, J.-J., and Maurini, C. (2009). Regularized formulation of the variational brittle376

fracture with unilateral contact: Numerical experiments. Journal of the Mechanics and Physics377

of Solids, 57(8):1209–1229.378

21

This preprint research paper has not been peer reviewed. Electronic copy available at: https://ssrn.com/abstract=4987072

Pr
ep

rin
t n

ot
 p

ee
r r

ev
ie

wed



Algorithm 2 Masonry-like model
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