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17 Abstract

18 Probabilistic streamflow predictions are valuable tools for predictive uncertainty estimation, 
19 hydrologic risk management, and support for decision-making in water resources. Usually, 
20 predictive uncertainty quantification is developed and assessed using only a single hydrological 
21 model, making it difficult to generalize to other model configurations. To tackle this issue, we 
22 assess changes in the model performance ranking of diverse streamflow models by applying a 
23 residual error model post-processing approach to multiple basins and multiple models. This 
24 assessment employed 141 basins from the Great Lakes watershed covering the USA and Canada, 
25 and 13 diverse streamflow models, which are evaluated using deterministic and probabilistic 
26 performance metrics. As the first study to implement probabilistic methods to diverse streamflow 
27 models applied to a multitude of basins, the analysis here examines the dependence of 
28 probabilistic streamflow estimation quality on model quality. Our findings show that streamflow 
29 model choice influences the robustness of probabilistic predictions. It was found that moving 
30 from deterministic to probabilistic predictions using a post-processing approach does not change 
31 the streamflow model performance ranking for the best and worst deterministic models, but 
32 models of intermediate rank in deterministic evaluation do not have consistent ranking when 
33 evaluated in probabilistic mode. Post-processing residual errors of long short-term memory 
34 (LSTM) network models are consistently the best-performing model in terms of deterministic 
35 and probabilistic metrics. This study highlights the significance of combining deterministic 
36 streamflow model predictions with residual error models for improving the quality and 
37 increasing the value of hydrological predictions, quantifying uncertainty, and facilitating 
38 decision-making in operational water management. It also clarifies the degree to which 
39 probabilistic predictions depend upon good model performance and can compensate for poor 
40 model performance.

41 1 Introduction

42 Although deterministic model predictions offer information to support hydrologic 
43 planning, design, and decision-making in environmental and water resource applications, they do 
44 not provide uncertainty estimates needed for hydrologic risk management. Deterministic models 
45 omit the model uncertainty associated with simulated responses. Throughout this paper, the term 
46 “deterministic” model prediction will refer to models that provide only one value of streamflow 
47 at any given time while probabilistic refer to models that provide estimates of streamflow in the 
48 form of a probability density. These model predictions suffer from many sources of uncertainty, 
49 including input data uncertainty, parameter uncertainty, and model structural uncertainty (Moges 
50 et al., 2021; Gupta & Govindaraju, 2023). Uncertainty quantification has become an integral part 
51 of risk assessment, and hydrological models have been used to provide information for 
52 policymakers who are increasingly demanding that model results include estimates of 
53 uncertainty (Bastola et al., 2012; Dias et al., 2020). Unfortunately, many of the most widely used 
54 models in hydrology (e.g., SWAT, GR4J, HBV, or VIC) are deterministic and provide only a 
55 single trace of streamflow output (point predictions). In contrast, probabilistic predictions 
56 provide the uncertainty estimation associated with a dynamic basin system by generating an 
57 ensemble comprised of multiple sets of streamflow predictions (Farmer & Vogel, 2016). Given 
58 the benefits of uncertainty characterization, it is important to convert deterministic predictions to 
59 probabilistic ones that can support hydrological risk management (e.g., Vogel, 2017; Reggiani et 
60 al., 2022; Shabestanipour et al., 2023).
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61 Deterministic predictions from a given hydrological model can be converted to 
62 probabilistic predictions using a post-processing strategy to add a residual error model (REM) to 
63 the deterministic predictions (e.g., Evin et al., 2014). In general, the post-processing strategy is 
64 implemented in two steps. First, hydrological model parameters are estimated using an objective 
65 function and calibration algorithm. Second, a REM form is selected, and the parameters of REM 
66 are inferred separately. REMs are statistical models to represent the relationship between model 
67 outputs (e.g., streamflow) and observations (Ye et al., 2014). Because they characterize the 
68 expected difference between model output and observation, REMs include the merged impact of 
69 several sources of uncertainties, such as input, parameter, and model structure (Schoups & 
70 Vrugt, 2010; Sorooshian et al., 1983). In addition, REMs correct biases in hydrological models 
71 (W. Li et al., 2017). The post-processing strategy differs from the classical joint inference 
72 approach, which estimates all parameters (hydrologic and error model) simultaneously using a 
73 single likelihood function (Bates & Campbell, 2001; Evin et al., 2014; Smith et al., 2015). The 
74 residual error model post-processor (REM-PP) is an attractive approach for converting 
75 deterministic into probabilistic predictions for two reasons. First, REM-PP avoids the need to re-
76 calibrate the hydrological model. Second, REM-PP eliminates challenging interactions between 
77 water balance parameters and REM parameters (Evin et al., 2014).  

78 Several studies have improved hydrological predictions using the REM strategy (Evin et 
79 al., 2014; Koutsoyiannis & Montanari, 2022; Kuczera et al., 2006; M. Li et al., 2016; McInerney 
80 et al., 2017; Reichert & Schuwirth, 2012; Todini, 2008; Wang et al., 2012; Zhao et al., 2015). In 
81 general, two approaches exist to describe residual model errors: (i) a lumped approach that 
82 aggregates all sources of uncertainty into an individual model error term (Montanari & 
83 Koutsoyiannis, 2012; Vrugt et al., 2022) and (ii) decomposition approaches, which attempt to 
84 disentangle the sources of uncertainty (Ajami et al., 2007; Kuczera et al., 2006). From a 
85 theoretical perspective, decomposition approaches are more versatile as they provide a 
86 comprehensive assessment of uncertainty estimation and identify specific sources of 
87 uncertainties. However, these approaches are complex to implement, demand more experience, 
88 and are typically more time-consuming in terms of both computational cost and user time. For 
89 these reasons, decomposition approaches tend not to be applied in practice. In contrast, lumped 
90 approaches evaluate the total uncertainty as estimated from the model-to-observation misfit. 
91 These approaches are more adequate for operational hydrology because they are less time-
92 consuming, computationally efficient, and require little experience. 

93 The post-processor method has been found to be robust in several previous studies (e.g., 
94 Evin et al., 2014; M. Li et al., 2016). On a daily scale, REMs showed a very good performance 
95 using power transformations (McInerney et al., 2017; Todini, 2008; Wang et al., 2012). In the 
96 post-processing strategy, the quality of uncertainty estimation has been shown (for single 
97 models) to depend on the residual error model and the objective function used to calibrate the 
98 hydrological model (Hunter et al., 2021), and characteristics of data (Jiang et al., 2019). The 
99 proportion of parametric uncertainty to total predictive uncertainty in streamflow is mostly 

100 modest (Kuczera et al., 2006; Sun et al., 2017; Yang et al., 2007) when parsimonious 
101 hydrological models are calibrated to long observed time series using a residual error model. In 
102 this context, predictions in operational hydrology habitually omit parameter uncertainty and 
103 focus on residual errors (Engeland & Steinsland, 2014; McInerney et al., 2017). This was the 
104 method employed in this research, where deterministic calibration was assumed solely via 
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105 optimization. In other words, the parameter estimation method was applied without trying to 
106 compute parametric uncertainty.

107 Large-sample hydrologic model intercomparison studies provide a unique opportunity to 
108 rank models, especially using standardized experiments. The Great Lakes region is a 
109 transboundary domain between the USA and Canada and has been the subject of several model 
110 intercomparison studies (Fry et al., 2014; Gaborit et al., 2017; Mai et al., 2021, 2022). 
111 Particularly, the Great Lakes Runoff Intercomparison Project phase 4: the Great Lakes (GRIP-
112 GL) delivered a standardized experimental setup using similar geophysical datasets, forcings, a 
113 common routing product, and identical locations of performance assessment across the 106 km2 
114 study domain. This project evaluated 13 diverse streamflow models involving a large range of 
115 model types from machine-learning-based, lumped, subbasin-based, and gridded models that are 
116 either locally, regionally or globally calibrated (Mai et al., 2022). Like most past hydrological 
117 modelling intercomparison studies (e.g., Lake Michigan (GRIP-M; Fry et al., 2014), Lake 
118 Ontario (GRIP-O; Gaborit et al., 2017), and Lake Erie (GRIP-E; Mai et al., 2021)), GRIP-GL 
119 focused on deterministic model performance and did not consider the uncertainty of model 
120 streamflow predictions. Therefore, the GRIP-GL project dataset provides a unique chance to 
121 assess the relationship between model deterministic performance (assessed in GRIP-GL) and 
122 probabilistic performance (assessed here). This is the first study to the authors knowledge to 
123 apply uncertainty analysis to such a large variety of both models (13) and watersheds (141). 

124 In contrast to GRIP-GL project, much of the research on hydrologic model calibration 
125 under uncertainty has been developed and assessed using only a single hydrological model, 
126 making it difficult to generalize. Certainly, the majority of previous studies was limited to using 
127 only one rainfall-runoff model (Evin et al., 2014; Jiang et al., 2019; D. Li et al., 2021; M. Li et 
128 al., 2016; McInerney et al., 2017, 2020, 2021; Renard et al., 2010; Salamon & Feyen, 2009; 
129 Thyer et al., 2009; Todini, 2008; Weerts et al., 2011; Woldemeskel et al., 2018). To our best 
130 knowledge, no studies have evaluated the impact of streamflow model choice on probabilistic 
131 predictions using multiple models and basins. This is the first essential research gap addressed in 
132 this investigation. Few studies have investigated the predictive uncertainty quantification using 
133 different hydrological models (e.g., Ye et al., (2014) and McInerney et al., (2017)). Ye et al., 
134 (2014) compare the effects of post-processing and model calibration on improving water 
135 forecasts under different hydroclimatic conditions and models . However, their study reduced 
136 comparisons to a deterministic perspective (comparing ensemble means for example). In 
137 addition, although they looked at results under multiple hydroclimatic conditions and seven 
138 hydrologic models, they did not evaluate the influence of the hydrologic model on the 
139 probabilistic prediction (e.g., no comparison of hydrologic model quality with and without post-
140 processing). McInerney et al., (2017) and Morawietz et al., (2011) assessed several residual error 
141 models but used only two hydrological models, mainly HBV and GR4J. Neither study focused 
142 their analysis on a comparative assessment of relative model performance under deterministic 
143 versus probabilistic predictions, nor did they include machine learning models for streamflow 
144 like long short-term memory (LSTM) networks in their experimental design.

145 This studyexamines the effect of streamflow model choice on probabilistic predictions 
146 using a residual error model post-processing (REM-PP) approach to multiple streamflow models 
147 and basins. We addressed the following question: How does streamflow model choice impact 
148 probabilistic predictions? Finally, this study provides new insights into the influence of 
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149 hydrologic model choice on estimations of probabilistic streamflow predictions and changes in a 
150 model performance ranking.

151 2 Material and methods

152 We apply REM-PP to time series of streamflow in 141 calibration basins simulated using 
153 13 diverse streamflow models. We adopt the Box-Cox (BC0.2) transformation residual error 
154 model as the REM-PP because it is an established practice in the hydrology literature (e.g., 
155 McInerney et al., (2017), McInerney et al., (2018), and Hunter et al., (2021)). McInerney et al., 
156 (2017) showed that this error model is effective for probabilistic predictions and uncertainty 
157 estimation in that it helps to remove heteroscedasticity and to deal with time series 
158 autocorrelation. In fact, McInerney et al., (2017) evaluated various error schemes, including 
159 standard and weighted least square, the Box-Cox transformations (with fixed and calibrated 
160 power parameters), and the log-sinh transformation across 23 basins. They recommended the 
161 Box-Cox approach due to it having the highest average performance and achieving high-quality 
162 daily probabilistic predictions. Figure 1 shows a graphical summary of the processes and 
163 methods followed in this study, and a detailed description of the REM-PP is provided in the 
164 following section.

165
166 Figure 1. Flowchart for methods employed in this study.

167 2.1 Streamflow post-processing model

168 Consider a deterministic hydrological model (ℎ) that represent streamflow predictions 
169 time series 𝑞𝜃ℎ

𝑡 with hydrological parameters (𝜃ℎ) and forcings (𝑥).
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𝑞𝜃ℎ
𝑡 = ℎ(𝜃ℎ;𝑥) (1)

170 Then, define a probabilistic model of streamflow (𝑄𝑡), which is formulated from a 
171 deterministic hydrological model (ℎ) by adding a random residual error term 𝜂𝑡 intended to 
172 characterize the predictive uncertainty due to the combined effect of uncertainties in the input 
173 data, model parameters, and model structure.

𝑄𝑡(𝜃,𝑥) = 𝑓 𝑞𝜃ℎ
𝑡 ,𝜂𝜃𝜂

𝑡
(2)

174 where 𝜃 is comprised of hydrological model parameters (𝜃ℎ) and error model parameters 𝜃𝜂 . 
175 The streamflow post-processing procedure used in this study consists of fitting a statistical model 
176 to the streamflow residual errors, defined by the differences between the observed and predicted 
177 daily streamflow time series. Residual errors of hydrological models are commonly 
178 heteroscedastic (i.e., have larger errors in large flows), asymmetrical, non-Gaussian, and 
179 persistent (i.e., often possess several days of consecutive errors with the same sign and similar 
180 magnitude) (Bates & Campbell, 2001; Smith et al., 2015; Sorooshian & Dracup, 1980). In many 
181 cases, residual error models perform well at the daily scale using the Box-Cox transformation 
182 (McInerney et al., 2017) and a first-order autoregressive AR(1) model (Evin et al., 2014). The 
183 Box-Cox transformation is intended to reduce the degree of heteroscedasticity and asymmetry in 
184 the error distribution, while the AR model is used to minimize the presence of persistence.   

185 The probabilistic model 𝑄𝑡 is constructed by linking a deterministic component 𝑞𝜃ℎ
𝑡  and a 

186 random residual error component 𝜂𝑡. Here, we formulate the residual error model as additive in 
187 transformed space,

𝑧(𝑄𝑡;𝜃𝑧) = 𝑧 𝑞𝜃ℎ
𝑡 ;𝜃𝑧 + 𝜂𝑡 (3)

188 where 𝑧 is a transformation function with parameters 𝜃𝑧. The deterministic discharge time series 
189 𝑞𝜃ℎ

𝑡  is generated by a hydrological model, which is a function of hydrological model parameters 
190 𝜃ℎ and forcings 𝑥𝑡. We use the Box-Cox transformation to reduce the heteroscedasticity and 
191 skewness in the residuals,

𝑧(𝑞𝑡;𝜃𝑧) =
(𝑞𝑡 + 𝐴)𝜆 ― 1

𝜆 ,         𝑖𝑓 𝜆 ≠ 0
log(𝑞𝑡 + 𝐴) ,             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(4)

192 with parameters 𝜃𝑧 = {𝐴,𝜆}, where 𝐴 is a shift or offset parameter and 𝜆 is a power parameter 
193 (Box & Cox, 1964). Following the recommendation of McInerney et al., (2017), the parameters 
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194 are fixed a priori at 𝜆 = 0.2 and 𝐴 = 0. The temporal persistence of residual errors is modelled as 
195 a first-order autoregressive (AR1) model,

𝜂𝑡 = 𝜇𝑡 + 𝜙𝜂(𝜂𝑡―1 ― 𝜇𝑡―1) + 𝑦𝑡 (5)

196 where 𝜙𝜂 is the lag-1 autoregressive parameter, 𝜇𝑡 is the mean of residuals at time 𝑡, and 𝑦𝑡 
197 represents the innovation, which is a random component or noise term, at time 𝑡. The innovations 
198 were assumed to follow a Gaussian distribution with a mean 𝜇𝑡 and standard deviation 𝜎2

𝑦, 

𝑦𝑡~𝒩 𝜇𝑡,𝜎2
𝑦

(6)

199 In this study, we consider that the residual mean 𝜇𝑡 is flow-dependent. We assumed a 
200 linear dependence with respect to the transformed streamflow (Jiang et al., 2019; M. Li et al., 
201 2017; Romero-Cuellar et al., 2019), 

𝜇𝑡 = 𝛼 + 𝛽𝑧 𝜃𝑧,𝑞𝜃ℎ
𝑡 (7)

202 where parameters 𝛼 and 𝛽 symbolize the intercept and slope respectively. The parameters of the 
203 residual error model are indicated as 𝜃𝜂 = 𝜃𝜇,𝜎𝑦,𝜙𝜂 , where 𝜃𝜇 represents parameters of the 
204 model for the mean 𝜇𝑡. These parameters are grouped as 𝜃𝜇 = {𝛼,𝛽}. The full parameter set of 
205 the probabilistic model 𝑄𝑡 is 𝜃 = 𝜃ℎ,𝜃𝑧,𝜃𝜂 . The REM-PP was implemented using the 
206 “ProbPred” R package (Hunter et al., 2021).

207 2.1.1 Parameter estimation

208 The hydrologic model parameters 𝜃 were inferred from observed model forcings 𝑥 =
209 {𝑥𝑡;𝑡 = 1,…,𝑁𝑡} and observed streamflow time series 𝑞 = {𝑞𝑡;𝑡 = 1,…,𝑁𝑡}, where 𝑁𝑡 was the total 
210 number of time steps. We used a two-stage post-processing approach for parameter estimation of 
211 hydrological models and then the residual error model. In stage 1, the hydrological model 
212 parameters 𝜃ℎ were estimated previously by the modelling teams in GRIP-GL, typically by using 
213 optimization algorithms (see Supplements of Mai et al., (2022) for full details for each model). 
214 Some of the models were calibrated individually at each site, such that parameters were basin-
215 specific (local optimization). Other models were calibrated simultaneously across all sites (global 
216 optimization). In stage 2, we estimated the residual error model parameters 𝜃𝜂 using the method-
217 of-moments (Hazelton, 2011) (see the appendix A of Hunter et al., (2021) for details on the 
218 method-of-moments used in this study). Stage 2 computations are extremely fast because it 
219 works only with observed data and optimal streamflow predictions from stage 1. Therefore, it 
220 does not require additional hydrological model runs. The calibration period used was from 
221 January 2001 to December 2010, while the validation period was from January 2011 to 
222 December 2017. 
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223 2.1.2 Probabilistic predictions

224 The predictive distribution of streamflow is delivered by the probabilistic model 𝑄𝑡 
225 combining the deterministic hydrological model prediction and residual error probability model. 
226 At time step 𝑡, assuming the deterministic streamflow prediction 𝑞𝜃ℎ

𝑡  has been calculated, a 
227 sample of size 1 from the predictive streamflow distribution, 𝑞𝑝𝑟𝑒𝑑(𝑠)

𝑡 , is produced as follows: 

228 1) Sample random components (innovations) from a Gaussian distribution

𝑦(𝑠)
𝑡 ←𝒩 𝜇𝑡,𝜎2

𝑦
(8)

229 2) Estimate residuals using Equation (5) 

𝜂(𝑠)
𝑡 = 𝜇𝑡 + 𝜙𝜂 𝜂(𝑠)

𝑡―1 ― 𝜇𝑡―1 + 𝑦(𝑠)
𝑡

(9)

230 Note that for 𝑡 = 1, we sample 𝜂(𝑠)
1 ←𝒩 0,𝜎2

𝑦   

231 3) Employ the inverse transformation

𝑞𝑝𝑟𝑒𝑑(𝑠)
𝑡 = 𝑧―1 𝑧 𝑞𝜃ℎ

𝑡 ;𝜃𝑧 + 𝜂(𝑠)
𝑡 ;𝜃𝑧

(10)

232 The predictive distribution on day t can be characterized by repeating the above sampling 
233 steps s times and then the complete sample of size s characterizing the predictive streamflow 
234 distribution on day t is

𝑞𝑝𝑟𝑒𝑑 = 𝑞𝑝𝑟𝑒𝑑(𝑠)
𝑡 ;𝑡 = 1,…,𝑇;𝑠 = 1,…,𝑁𝑠 (11)

235 where 𝑁𝑠 is the number of samples.    

236 In general, this procedure describes a post-processor approach for predictive uncertainty 
237 estimation. It provides practitioners with a straightforward method to convert deterministic 
238 predictions to probabilistic ones using previously calibrated hydrological models (McInerney et 
239 al., 2018). 

240 2.2 Data, streamflow models, and study domain

241 Data used in this study were simulated and observed daily streamflows from the Great 
242 Lakes Runoff Intercomparison Project phase 4: the Great Lakes (GRIP-GL) database (Mai et al., 
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243 2022). The case study considers a subset of 141 calibration gauges of the GRIP-GL database. 
244 The study period consists of a warmup period (2000), a calibration period from January 2001 to 
245 December 2010, and a validation period from January 2011 to December 2017. Note that the 
246 number of gauges used in this study was different from the GRIP-GL database because we did 
247 not use spatial validation gauges. The GRIP-GL database contains 13 different streamflow 
248 models (Table 1). 

249 The 13 streamflow models were grouped according to their main calibration strategy. The 
250 first group is the machine-learning-based model, which used a global calibration strategy. The 
251 global calibration means that the model was trained for all calibration stations at the same time, 
252 resulting in a single trained model for the entire study domain. The second group is comprised of 
253 the seven models that are locally calibrated, which means that the models were trained for each 
254 of the calibration stations individually. This leads to one calibrated model setup per gauging 
255 station basin. The third group is the five models that followed a regional calibration strategy, 
256 which means simultaneously calibrating model parameters to all calibration stations within a 
257 sub-region of the entire study region (rather than estimating parameters for each gauged basin 
258 individually).

259 The streamflow model parameters were generally estimated in Mai et al. (2022) (in stage 
260 1) by optimization algorithms which minimize the aggregated differences between observed and 
261 simulated streamflow values. The optimization algorithms varied between models. Following 
262 this GRIP-GL split sample, all residual error models here are calibrated on the same calibration 
263 period and all results are analysed for the validation period. Detailed model descriptions can be 
264 found in Mai et al., (2022).

265 Table 1. Streamflow model structures investigated in the study. Models were set up, calibrated, 
266 and outputs derived in GRIP-GL (Mai et al., 2022).

Model ID Model name Calibration 
Strategy

Model Type Spatial 
resolution

LSTM.lumped Long Short-Term Memory 
network

Global Machine learning Basins

LBRM.CC.lumped The Large Basin Runoff 
Model

Local Conceptual model Basins

HYMOD2.lumped HYMOD2 Local Conceptual model Basins

GR4J.lumped mode'le du GeÂ´nie Rural a' 4 
parame'tres Journalier

Local Conceptual model Basins
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HMETS.lumped Hydrological Model of École 
de technologie supérieure

Local Conceptual model Basins

Blended.lumped Blended aggregated Local Conceptual model with 
weights

Basins

Blended.Raven Blended semi-distributed Local Conceptual model with 
weights

Subbasins

VIC.Raven Variable Infiltration Capacity Local Water and energy balance Grid

SWAT.Raven The Soil and Water 
Assessment Tool

Regional Physically based model Subbasins

WATFLOOD.Raven WATFLOOD Regional Physically based model Grid

MESH.CLASS.Raven Modélisation 
Environnementale 
communautaire-Surface and 
Hydrology

Regional Conceptual Hydrology - 
Land Surface Model

Grid

MESH.SVS.Raven Modélisation 
Environnementale 
communautaire-Surface and 
Hydrology

Regional Conceptual Hydrology - 
Land Surface Model

Grid

GEM.Hydro.Watroute GEM-Hydro Regional Physically based model Grid

267

268 2.3 Performance metrics

269 Various deterministic and probabilistic performance metrics are evaluated for the 
270 validation period (1 January 2011 – 31 December 2017). Deterministic predictions were 
271 evaluated using the Kling-Gupta efficiency (KGE) (Gupta et al., 2009), while probabilistic 
272 predictions were evaluated using the mean continuous ranked probability score (CRPS) 
273 (Hersbach, 2000). 

274 2.3.1 Kling-Gupta efficiency (KGE)

275 KGE was developed by decomposing the Nash-Sutcliffe efficiency (NSE) (Nash & 
276 Sutcliffe, 1970) into three parts, that is, correlation, mean bias, and variability bias:
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𝐾𝐺𝐸 = 1 ― (𝑟 ― 1)2 + (𝛽 ― 1)2 + (𝛾 ― 1)2 (12)

277 where 𝑟 symbolises the correlation between predicted and observed datasets, 𝛽 represents the 
278 ratio of prediction mean to observation mean, and 𝛾 represents the ratio of standard deviation of 
279 predictions to observations. KGE is a positively oriented score with an ideal value of 1.

280 2.3.2 Continuous Ranked Probability Score (CRPS)

281 The CRPS is a familiar metric to assess the complete performance of probabilistic 
282 predictions. It measures the quadratic difference between the predicted and the ccumulative 
283 distribution function (CDF) of probabilistic predictions. The CRPS has the dimension of the 
284 predicted variable, i.e., CRPS’ units are the same as area-normalized streamflow (mm d-1). In 
285 addition, the CRPS can be decomposed into a reliability part and a sharpness part (Hersbach, 
286 2000). For deterministic predictions, the CRPS is equivalent to the mean absolute error (MAE). 
287 In practice, the mean CRPS is defined as the average CRPS over the entire evaluation period 
288 because the CRPS measures the prediction for a single time step. We compute the CRPS from 
289 the empirical CDF of probabilistic predictions.

𝐶𝑅𝑃𝑆𝑖 =

∞

―∞

(𝐹(𝑞𝑡) ― 𝐻𝑖(𝑞𝑡 ≥ 𝑞𝑡))2𝑑𝑞𝑡

(13)

290 where 𝐹(𝑞𝑡) symbolises the cdf of the simulated flow predictive distribution at time 𝑡 and 𝐻𝑖 is 
291 the Heaviside step function, which equal 1 when the predictions are greater than the observations 
292 and equals 0 otherwise. 𝑞𝑡 is the simulated flow and 𝑞𝑡 is the observed flow at time 𝑡. Note that 
293 we evaluate and report the mean 𝐶𝑅𝑃𝑆𝑖 across all time steps in the validation period. In general, 
294 a high-quality prediction should have a CRPS as low as possible. The CRPS was calculated 
295 using the “scoringRules” R package (Jordan et al., 2019). 

296 2.4 Evaluation of performance differences between models

297 Statistical significance testing was used to test if the streamflow models had better or 
298 worse performance metrics over the range of basins. Practical significance testing assesses 
299 whether the difference between performance metric values is large enough to represent 
300 substantial differences in a practical and necessarily subjective sense (Vaske et al., 2010). We 
301 used practical significance testing to evaluate differences in performance metrics. We decided 
302 that a difference by more than 10% of the change metric value for the hydrological models was 
303 practically significant. The practical significance testing is implemented using the method of 
304 McInerney et al., (2019). The pairwise Wilcoxon signed rank test (Bauer, 1972) was used to 
305 compare between distributions of a performance metric over all basins.



12

306 2.5 Normalised performance metrics

307 To facilitate a comparison between deterministic and probabilistic performance metrics in 
308 Section 3.3, KGE and CRPS were normalised for each basin according to this equation: 

𝑧𝐾𝐺𝐸𝑖 =
𝐾𝐺𝐸𝑖 ― min(𝐾𝐺𝐸)

max(𝐾𝐺𝐸) ― min(𝐾𝐺𝐸)
; 

𝑧𝐶𝑅𝑃𝑆𝑖 = 1 ―
𝐶𝑅𝑃𝑆𝑖 ― min(𝐶𝑅𝑃𝑆)

max(𝐶𝑅𝑃𝑆) ― min(𝐶𝑅𝑃𝑆)  

(14)

309 where 𝐾𝐺𝐸𝑖, min(𝐾𝐺𝐸), and max(𝐾𝐺𝐸) is the KGE metric value for model 𝑖, the minimum 
310 KGE across all models applied to that basin, and the maximum KGE across all models applied to 
311 that basin, respectively. Notation for CRPS is the same except note that CRPS refers to the 
312 average CRPS across all time steps. After we normalised the KGE and CRPS by basin, we 
313 compute the median for each model. Performance metrics range are [0, 1], where 1 is the best 
314 and 0 is the worst.

315 3 Results

316 3.1. Representative example (single station)

317 This section presents deterministic and probabilistic performance metrics of the 13 streamflow 
318 models for the Ganaraska River above Dale (Gauge 02HD012) during the validation period (1 
319 January 2011 – 31 December 2017). Results indicate that the variation between model structures 
320 was wide in terms of deterministic and probabilistic performance metrics (Table 2). Specifically, 
321 KGE ranged from 0.816 (Blended.lumped) to 0.153 (MESH.CLASS.Raven) with 81% change 
322 and CRPS ranged from 0.180 (LSTM.lumped) to 0.299 (MESH.SVS.Raven) with 40% change. 
323 As seen in Table 2, deterministic model skill (KGE) is correlated to probabilistic prediction skill 
324 (CRPS). In the representative station (02HD012) where the deterministic model performs well, 
325 the performance of the probabilistic predictions in terms of the CRPS will generally be good 
326 (e.g., LSTM.lumped). In contrast, when the deterministic model performs poorly, the flow 
327 uncertainty estimation is also poor (e.g., MESH.CLASS.Raven). This result shows that the 
328 residual error model post-processor could not “remedy” a poor deterministic model prediction. 

329 Table 2. Deterministic and probabilistic performance metrics of streamflow model 
330 predictions based on 13 model structures for the single station (02HD012) during validation 
331 period (1 January 2011 – 31 December 2017). 

MetricModel

KGE CRPS
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Blended.lumped 0.816 0.216

LSTM.lumped 0.803 0.180

VIC.Raven 0.802 0.240

GR4J.lumped 0.802 0.223

HMETS.lumped 0.774 0.234

LBRM.CC.lumped 0.730 0.280

MESH.SVS.Raven 0.667 0.299

HYMOD2.lumped 0.664 0.277

Blended.Raven 0.597 0.284

SWAT.Raven 0.241 0.265

WATFLOOD.Raven 0.175 0.270

GEM.Hydro.Watroute 0.168 0.289

MESH.CLASS.Raven 0.153 0.260

332 Figure 2 illustrates sample flow time series with 95% uncertainty band for 13 streamflow 
333 models during a freshet event in 2014. In this paper, 95% uncertainty bands were calculated to be 
334 within 2.5 and 97.5 percentiles, as calculated from the Gaussian error model in transform space. 
335 Figure 2 shows that the Blended.lumped, LSTM.lumped, and VIC.Raven models produce the 
336 best predictions, with a narrow 95% uncertainty band around the observed data. In contrast, 
337 MESH.CLASS.Raven, SWAT.Raven, and WATFLOOD.Raven models present wide 95% 
338 uncertainty bands. These models are over-confident, with 44%, 41%, and 29%, respectively, of 
339 observed flows outside the 95% uncertainty band. These models also show a bias issue, which 
340 overestimate the high flow and underestimate the low flow.
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341

342 Figure 2. Sample time series with coloured uncertainty bands of streamflow based on 13 model 
343 structures for the single station (02HD012) during validation period (1 January 2011 – 31 
344 December 2017).

345 These results show the influence of streamflow model structures on streamflow 
346 predictive uncertainty quantification (Figure 2). For the same station and using the same residual 
347 error model post-processor, streamflow uncertainty quantification results were dissimilar for 
348 different streamflow models. 

349 3.2 Model performance evaluation using full set of basins

350 3.2.1 Deterministic streamflow predictions (KGE)

351 Figure 3 compares the KGE of 13 streamflow models across all 141 case study basins. 
352 The LSTM.lumped model delivers the best KGE, indicated by the high median KGE 
353 performance metric of 0.8. The LSTM.lumped model also provides practically and statistically 
354 significant improvements in KGE. This outcome is consistent with the results of Mai et al., 
355 (2022), Kratzert et al., (2018), and Kratzert et al., (2019). These studies have shown that 
356 globally-optimized LSTM models generally outperform conventional physically-based 
357 hydrological models used in water resource modelling. The Blended.lumped, Blended.raven, and 
358 HYMOD2.lumped models achieve a similar performance with median values of KGE 0.72, 0.72, 
359 and 0.71 respectively. In contrast to the LSTM.lumped model, the MESH.CLASS.Raven model 
360 provides the lowest KGE with median value of 0.42. It is interesting that the newer structurally-
361 flexible models such as LSTM and Blended provide top performance in terms of the 
362 deterministic performance metric (KGE). 
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363

364 Figure 3. Density curves and boxplots of mean KGE over 13 streamflow model structures for all 
365 case study basins during validation period (1 January 2011 – 31 December 2017). For each 
366 model, the distribution of mean KGE scores across basins is summarized by a box and whisker 
367 plot highlighting the median and the 25 and 75 quantiles as well as the entire empirical 
368 distribution.

369

370 3.2.2 Probabilistic streamflow predictions (CRPS)

371 Figure 4 reports the CRPS of 13 streamflow models overall case study basins. The 
372 LSTM.lumped model is, once again, the best-performing model, with a median CRPS metric of 
373 0.25, which is practically and statistically significant better than the other numerical models. On 
374 the contrary, the MESH.CLASS.Raven model performed generally worse, with a median CRPS 
375 metric of 0.46. 
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376

377 Figure 4. Density curves and boxplots of mean CRPS over 13 streamflow model structures for 
378 all case study basins during validation period (1 January 2011 – 31 December 2017). For each 
379 model, the distribution of mean CRPS scores across basins is summarized by a box and whisker 
380 plot highlighting the median and the 25 and 75 quantiles as well as the entire empirical 
381 distribution. 

382

383 Figure 5 shows a heatmap of KGE (top) and CRPS (bottom) across the basins and models 
384 during the validation period. This figure helps to explore the distributions of figure 3 and 4 in 
385 detail at the individual basin level. Results confirm that LSTM.lumped delivers better KGE and 
386 CRPS values in many basins (blue tones), while MESH.CLASS.Raven provides the lowest KGE 
387 and CRPS values in many basins (red tones). Results also suggest that after post-processing there 
388 is less variation by models because there are vertical strips of the same color on the bottom (after 
389 post-processing) versus the colour variations on the top (no post-processing). This pattern seems 
390 especially true for basins with poor KGE (basins located in the right part of figure 5) and for 
391 basins with diverse KGE (e.g., 02HC025, 02AB006, and 02GA047 which are highlighted on the 
392 x-axis with black squares). A possible explanation for this pattern might be the rationality behind 
393 the REM-PP. In most cases, REM-PP struggles to match model outputs (e.g., streamflow) with 
394 observations. These matches employ statistical models that reduce model biases from all sources 
395 of uncertainty and characterize the associated uncertainty (Ye et al., 2014). Therefore, if REM-
396 PP works reasonably well, it is sensible that REM-PP’s outputs show similar performance. In 
397 other words, for some basins, the post-processing can equalise all the model's performance in 
398 terms of CRPS. This explanation is in line with the work of Ehlers et al., (2019) who found that 
399 the k-NN post-processor was able to compensate a poor deterministic simulation. Results also 
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400 indicate that in some basins it is difficult to obtain satisfactory performance in terms of KGE 
401 (dark grey cells) due to these basins being highly flow regulated. Similarly, in terms of CRPS, 
402 some basins seem difficult to obtain satisfactory performance; these basins show spiky 
403 hydrographs (e.g., 02FE009 and 02LB032 and these are highlighted on the x-axis with red 
404 squares). 

405

406 Figure 5. Heatmap of KGE (top) and CRPS (bottom) over 13 streamflow model structures for all 
407 case study basins during the validation period (1 January 2011 – 31 December 2017).Horizontal 
408 axes denote different basins, which are ordered according to the mean KGE performance metric 
409 (best on the left), while vertical axes denote different models. Dark grey cells symbolize values 
410 of KGE below 0 meaning undesirable values. Blue tones indicate good (preferred) scores, and 
411 red tones signify bad scores. Some basin IDs are highlighted with black squares because they 
412 present particular behavior, which is examined in the result section.

413

414 3.3 Ranking models

415 Figure 6 represents the normalised performance metric of the KGE and CRPS of  13 
416 streamflow models across all case study basins during the validation period (1 January 2011 – 31 
417 December 2017). Results show that  LSTM.lumped model provides the best performance across 
418 deterministic (KGE) and probabilistic (CRPS) metrics. In contrast to the LSTM.lumped model, 
419 the MESH.CLASS.Raven model delivers the poorest performance in terms of KGE and CRPS. 
420 The LSTM.lumped model is consistently the best-performing model. In addition, Figure 6 shows 
421 the ranking based on the median normalised KGE and CRPS. The order of the numerical models 
422 was determined based on the ranking of the median normalised KGE.

423
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424

425 Figure 6. Comparing the model ranking and normalised deterministic and probabilistic 
426 performance of 13 streamflow model structures during the validation period (1 January 2011 – 
427 31 December 2017) using the median of the normalised KGE and CRPS for all case study. Red 
428 numbers in the top represent the probabilistic ranking (CRPS) and blue numbers in the bottom 
429 represent the deterministic ranking (KGE). Smaller number in the ranking indicates better 
430 performance.

431 A key finding is that moving from deterministic to probabilistic predictions using a post-
432 processor strategy does not change the streamflow model performance ranking for the best and 
433 worst models in GRIP-GL, but it can change the ranks considerably for models of intermediate 
434 rank. In particular, post-processing greatly improves GR4J and GEM.Hydro.Watroute 
435 performance rank (relative to deterministic) while post-processing seems to degrade VIC and 
436 LBRM.CC.lumped rankings (relative to deterministic) (Figure 6). In part, these ranking changes 
437 reflect the comparable performance of probabilistic models in terms of CRPS – many of the 
438 scores fall within the range 0.4 to 0.5, where a swap in rank may simply be an artefact of the 
439 subtle variations in scores. However, results show a general pattern. When ranked by both KGE 
440 and CRPS, the highest ranked models are LSTM and Blended while MESH.CLASS, SWAT, and 
441 WATFLOOD are the lowest-ranked models (Figure 6). While not absolutely true, the 
442 probabilistic prediction quality tends to improve with deterministic performance, with both 
443 higher sharpness and robustness. As might be expected, poorly performing deterministic models 
444 tend to have much wider error models to compensate for their poorer performance, and therefore 
445 probabilistic prediction ranges are much wider. Inconsistency or performance likely leads to 
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446 reduced robustness of the models, as it becomes more difficult for a single error model to capture 
447 model uncertainty which varies seasonally or with varying flow regime.

448 These results illustrate that streamflow model choice strongly influences probabilistic 
449 performance. Different streamflow model structures produce varied deterministic performance 
450 metrics (KGE), and these deterministic performance differences produce distinct probabilistic 
451 performance metrics (CRPS) using the same residual error model post-processor. This variance 
452 of CRPS values indicates that the quality of probabilistic predictions depends strongly on the 
453 quality of the deterministic prediction. This finding is in line with Morawietz et al., (2011), who 
454 evaluated different versions of the autoregressive error model as post-processors for a 
455 probabilistic streamflow forecast system in Norway. 

456 4 Discussion and conclusions

457 This research examines the effects of streamflow model choice on probabilistic 
458 performance (CRPS) using a residual error model post-processing (REM-PP) approach to 
459 multiple streamflow models and basins. We assess 141 calibration basins from the Great Lakes 
460 region in the USA and Canada. This assessment employed 13 diverse streamflow predictions 
461 based on machine-learning, lumped, subbasin, and gridded models. Using daily-scale streamflow 
462 model predictions, we apply an additive REM-PP in transformed space using the Box-Cox 
463 transformation, a first-order autoregressive AR(1) model, Gaussian innovations, and a flow-
464 dependent error mean. The main findings are as follows:

465 (1)  Streamflow model choice strongly influences the robustness of probabilistic 
466 predictions in terms of CRPS.

467 (2) Moving from deterministic to probabilistic predictions using a post-processor 
468 approach does not change the streamflow model performance ranking for the best and 
469 worst deterministic models, but models of intermediate rank in deterministic 
470 evaluation do not have consistent ranking when evaluated in probabilistic mode 
471 (Figure 6). This provides some evidence that probabilistic forecasts can, in some 
472 sense, compensate for differences in model performance.

473 (3) Post-processing residual errors of long short-term memory (LSTM) network models 
474 are consistently the best-performing model in terms of KGE (Figure 3) and CRPS 
475 (Figure 4, Figure 5, and Figure 6). Notably, the normalized performance gap between 
476 the LSTM and the second-best model is roughly doubled when the model comparison 
477 moves from a deterministic to a probabilistic perspective. That is, the LSTM model 
478 looks even more dominant over the other models when we use a post-processing 
479 approach to consider model prediction uncertainty (Figure 6).

480 Based on empirical case studies, these findings suggest that merging deterministic 
481 predictions of LSTM with the statistical modelling of the residual errors (post-processing) 
482 provides the best approach to convert deterministic predictions to probabilistic ones. This 
483 approach would be a promising route to characterize and reduce uncertainty in hydrological 
484 predictions. These results are in line with the benchmarking study of Mai et al., (2022) who 
485 showed that LSTM models outperformed the conventional hydrological models used to predict 
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486 daily streamflow. The superior performance of LSTM can be attributed to its capacity to digest 
487 more training data (flow locations, basin characteristics, and forcings) and its global setup. Note 
488 that LSTM was the only globally calibrated model. In addition, the range of error model 
489 parameters are similar across all streamflow models except for the LSTM, which appear to be 
490 unique. Boxplots of error model parameter values are showed in Appendix A.

491 In a general sense, model intercomparisons are sensitive to the performance evaluation 
492 framework. If the models are evaluated from a deterministic framework, the same performance 
493 of the models cannot be expected from a probabilistic framework. In other words, assuming that 
494 the deterministic model ranking will be the same when moving to a probabilistic performance 
495 evaluation is an inappropriate assumption. When probabilistic performance is implemented, 
496 models are ranked differently. The residual error model could be an integral component in model 
497 intercomparison. In past model intercomparisons, a few studies focussed on deterministic model 
498 performance ranking (e.g., Lake Michigan (GRIP-M; Fry et al., 2014), Lake Ontario (GRIP-O; 
499 Gaborit et al., 2017), and Lake Erie (GRIP-E; Mai et al., 2021)), but no previous study has 
500 investigated the change between deterministic and probabilistic model performance rankings. 
501 The novelty of this study lies in assessing the influence of multiple and diverse streamflow 
502 predictions (i.e., multiple hydrologic models) on the quality of uncertainty estimates relative to 
503 deterministic model performance. In other words, this study shows that streamflow model choice 
504 affects the uncertainty estimation using large-sample catchments and a standardized 
505 experimental setup.

506 In this work, we implemented a straightforward method to transform deterministic into 
507 probabilistic predictions. The method is based on the post-processor strategy for the residual 
508 error model, which is empirically more flexible and robust than joint strategies because it avoids 
509 challenging interactions between water balance parameters and error model parameters (Evin et 
510 al., 2014). The REM-PP used the Method-of-Moments inference method, which does not need a 
511 likelihood function or optimisation, and therefore demands less computational costs. Although 
512 the Method-of-Moments is simple, it can deliver predictive inference like Maximum Likelihood 
513 or Bayesian methods (McInerney et al., 2018). The REM-PP quantifies the predictive uncertainty 
514 without the need to change the objective function or to re-calibrate the hydrological model 
515 (Hunter et al., 2021).   

516 This study has potential limitations. We only addressed one simple post-processing 
517 algorithm configuration. The results may not directly extend to other methods of uncertainty 
518 analysis, such as Monte Carlo, informal or formal Bayesian methods, etc. The results may not 
519 extend to different regions where models may rank differently in terms of accuracy.

520 Given that this research has focused on the effects of the hydrological model choice on 
521 streamflow predictive uncertainty quantification, future work should focus on a more 
522 comprehensive assessment using several hydroclimatological regimes. Especially, for example, 
523 is whether predictive uncertainty estimation depends more on the hydrological model or on the 
524 hydroclimatic regime.

525 Mainly in future work, we will include the uncertainty of model inputs (precipitation and 
526 temperature) using a stochastic modelling generator. Further development is needed to improve 
527 the predictive uncertainty estimation of low flows, including the treatment of zero flows 
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528 (McInerney et al., 2019). They can occur, for instance, in the extremely cold winter low flow 
529 conditions in the Arctic and Prairie basins, in Canada. Remarkably, future research also should 
530 focus on predictive uncertainty quantification at ungauged catchments which was not considered 
531 here. 

532 In general, this study helps to provide insight into the influence of streamflow model 
533 choice on the estimation of prediction uncertainty and connects the gap between deterministic 
534 and probabilistic prediction methods in practical hydrological applications. Moreover, this 
535 research uses several case studies and streamflow models, including machine-learning-based, 
536 lumped, subbasin-based, and gridded models, and applies a straightforward method to 
537 researchers and practitioners who need to transform deterministic predictions to probabilistic 
538 ones to characterize predictive uncertainty and support the management of hydrological risk.

539 Finally, this study is the first to perform a large-sample model intercomparison (13 
540 models and 141 basins) from both a deterministic and probabilistic perspective and then compare 
541 the differences in model rankings. The results of this study emphasise how crucial it is to 
542 combine residual error models with the best deterministic streamflow model predictions (like 
543 LSTM) to improve the quality and value of hydrological predictions, quantify uncertainty, and 
544 better inform decision-making in operational water management.

545 5 Data available

546 The streamflow data used for this analysis are available at https://hydrohub.org/grip-
547 gl/maps_streamflow.html (accessed on July 10, 2023). The code to implement the residual error 
548 model is available via the “ProbPred” R package (https://github.com/AdWater/ProbApp).
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568 Appendix A: REMs’ parameter ranges

569

570 Figure A. Boxplots of error model parameter values across streamflow models. 𝛼 is the intercept 
571 and 𝛽 is the slope of flow linear regression function respectively. 𝜙𝜂 is the lag-1 autoregressive 
572 parameter, and 𝜎𝑦 standard deviation of Gaussian distribution.
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754 Highlights:

755 • Uncertainty assessments were estimated in 141 basins for 13 hydrologic model 
756 predictions

757 • Quality of estimates was loosely correlated to model accuracy

758 • LSTM models were consistently best performing in terms of KGE and CRPS
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768

769 Abstract

770 Probabilistic streamflow predictions are valuable tools for predictive uncertainty estimation, 
771 hydrologic risk management, and support for decision-making in water resources. Usually, 
772 predictive uncertainty quantification is developed and assessed using only a single hydrological 
773 model, making it difficult to generalize to other model configurations. To tackle this issue, we 
774 assess changes in the model performance ranking of diverse streamflow models by applying a 
775 residual error model post-processing approach to multiple basins and multiple models. This 
776 assessment employed 141 basins from the Great Lakes watershed covering the USA and Canada, 
777 and 13 diverse streamflow models, which are evaluated using deterministic and probabilistic 
778 performance metrics. As the first study to implement probabilistic methods to diverse streamflow 
779 models applied to a multitude of basins, the analysis here examines the dependence of 
780 probabilistic streamflow estimation quality on model quality. Our findings show that streamflow 
781 model choice influences the robustness of probabilistic predictions. It was found that moving 
782 from deterministic to probabilistic predictions using a post-processing approach does not change 
783 the streamflow model performance ranking for the best and worst deterministic models, but 
784 models of intermediate rank in deterministic evaluation do not have consistent ranking when 
785 evaluated in probabilistic mode. Post-processing residual errors of long short-term memory 
786 (LSTM) network models are consistently the best-performing model in terms of deterministic 
787 and probabilistic metrics. This study highlights the significance of combining deterministic 
788 streamflow model predictions with residual error models for improving the quality and 
789 increasing the value of hydrological predictions, quantifying uncertainty, and facilitating 
790 decision-making in operational water management. It also clarifies the degree to which 
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791 probabilistic predictions depend upon good model performance and can compensate for poor 
792 model performance.

793

794

View publication stats

https://www.researchgate.net/publication/379562647

