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Abstract

Coupled thermo-hydro-mechanical models are commonly used to model the evolution of tempera-
ture, pore pressure, and stress in a wide range of geotechnologies such as geothermal applications
or around canisters of high-level radioactive waste in deep underground storage facilities. Their
numerical modelling is often computationally highly demanding, especially if parameter identifi-
cation, sensitivity analyses or uncertainty quantification require many model evaluations. Often,
the thermally driven pore pressure evolution and the subsequently altered flow processes are the
primary targets of an analysis. To benefit from the computational efficiency of hydro-thermal (HT)
models while maintaining the accuracy of thermo-hydro-mechanical (THM) model, we derived two
cases of a simplified representation of mechanical deformations in a coupled hydro-thermal model.
Deformations induced by pressure as well as temperature changes are consistently incorporated
into the mass balance storage terms. We demonstrate the exact coincidence of THM and modi-
fied TH formulations in isotropic and orthotropic materials as long as the basic assumptions like
constant hydrostatic stress conditions or uniaxial strain hold. By modeling of a point heat source
in isotropic or anisotropic porous media it is shown that a good agreement between TH and THM
models can be maintained even though the assumptions underlying the simplification are no longer
valid exactly. On our test-machine, a significant speed-up could be achieved by the reduction of
the problem size when transitioning from a THM to a TH model. The highest speed-ups were
achieved when Taylor-Hood elements were employed in order to avoid the problem of spurious
pressure oscillations in the fully coupled THM model.
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1. Introduction

The scope of coupled thermo-hydro-mechanical (THM) models ranges from studying natural
phenomena to applications in geotechnical and civil engineering, materials processing and the
chemical industry. Recent applications of THM analyses include supercritical geothermal systems
in hot regions of the earth’s crust [l| and, in general, the engineering of geothermal systems
2, B, 4, b, b]. Both porous and fractured media are of interest in geoscientific applications: for
example, fault discontinuities in aquifers [[7] or seismic faults [§] are studied using THM models
as well as various problems in the field of hydraulic fracturing [9, 10, 11]. Enhanced oil and gas
recovery [12, 13] or COg sequestration are other prominent fields of application for THM models
(14, 15).

Viewing this diversity from another perspective highlights the variety of materials that is in-
vestigated with THM models; among them are concrete [16], soils [17, [L8, [19], gas-hydrate-bearing
sediments [20], granite [21, 22], sandstone [23], limestone [24], silt [25], smectite [26], clay [27], or
even municipal solid waste [28, 29, B0, B1]. Nuclear waste disposal research often investigates the
behaviour of clay rocks [32, B3, B4, B5], bentonite [36, B7, B8] or their combination [39] using THM
models. Other authors investigated tuff [40], rock salt [41], or granite [42].

Although widely used, THM modeling of many geotechnical problems remains a costly task
and often requires a number of simplifications to remain feasible with the available resources.
Computational costs becomes specifically relevant when dealing with multiscale phenomena [43] or
when a high number of model evaluations is needed (e.g., for uncertainty quantification). One of
the main drivers of computational cost is the consideration of deformation processes. Even if mere
elasticity is considered, numerical stability requirements can lead to a rapid increase in the degrees
of freedom of the discretized system compared to thermo-hydraulic (TH) or hydro-thermal analyses
which neglect mechanics altogether. The latter are therefore common alternatives to fully-coupled

THM analyses if flow is the main concern instead of rock mechanics. Such TH models, however,
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tend to overestimate pore pressure evolution due to the assumption of a rigid pore space. This may
be alleviated by considering hydraulic storage effects, but their parameterization in the presence
of thermal effects and anisotropy remains unclear.

There exist some theoretical works that adjusted a non-trivial storage term, namely [44] and
[45], who derived expressions under constant stress and uniaxial strain conditions for the application
of hydraulic flow in aquifers or very recently [46], who used an adapted TH model to describe the
pore pressure response of radioactive waste in Callovo-Oxfordian claystone. These expressions have
been successfully applied by others [47, 48, 49, b0], for example to derive storage coefficients for
different porosity models in coal and under uniaxial strain conditions. What is needed is an explicit
expression of compressibility and thermal expansion terms as they appear in coupled TH and in
THM models as part of the mass and momentum balance equations [b1, 52, 53].

To our knowledge, however, no theoretical works presented storage coefficients for TH models
consistently derived from THM models considering both isotropic and anisotropic elasticity. In
our manuscript, we thus investigate and compare two limiting cases of the implicit consideration
of mechanics in models of non-isothermal flow through porous media composed of compressible
phases: one that is based on the assumption of constant hydrostatic stress and another that is
based on uniaxial strain under a constant normal stress.

The article commences by verifying exact correspondence of both implementations as long as the
simplifying assumptions are honored. We then compare modeling results of thermal pressurization
around a point heat source embedded in an orthotropic elastic medium to demonstrate the relevance
of both implementations for applications such as high-level radioactive waste canisters embedded in
saturated argillaceous formations. Finally, to illustrate the method’s use in a more realistic setting
with heterogeneous material properties, a cylindrical heat source surrounded by three different
media types is considered. Significant reductions of computing times were achieved while the pore

pressure predictions remained close to those of the fully-coupled THM model.

2. The underlying multiphysical THM problem

As a starting point for our derivation, we select a coupled thermo-hydro-mechanical (THM)
model of a fluid-saturated porous medium. The model can be formulated in terms of the three
primary variables temperature, pore pressure, and displacement in the balance equations of mass,

momentum, and energy, complemented by the constitutive relationships of the fluid and solid phases
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and their interaction in the context of porous-media mechanics [b4, b5]. Analytical solutions exist
only for a hand-full of cases of high symmetry [56, 57, 58, 59].

To understand the model, consider the case of a heat source embedded in such a fluid-saturated
porous medium. The essential physical processes can be described as follows: The heat source
induces an increase in local temperature, causing both, solid and fluid to expand. The differential
expansion of the phases creates pore pressure and effective stress variations. The resulting pressure
gradient causes the fluid to flow away from the heat source, resulting in a dissipation of the pore
pressure in a thermally driven consolidation process. The corresponding equations of the linear
problem can be written in terms of energy, mass and linear momentum balance equations that
are coupled to each other via primary variables and constitutive relationships. The thermal part

is described in terms of the energy balance equation which reads (for a brief nomenclature, see

Tab. )ﬂ

(pep)™ T + preyTatwn)s — (M'T:) = Qr 1)

where Q7 is a heat source per unit volume and the macroscopic effective parameters are given by

(pep)™ = ¢FPLC;% + (1 - ¢r) PSC;,S; ; (2)
A = gENp + (1= ¢p) A7, (3)
(wn)i = =—2 (pj — prY;) - (4)

UL

The mass balance equation describes the hydraulic part including couplings and is given by

STHM P — [¢F5:IF +3(ap — ¢r)ay | T+ apii; + (wi)is = Qu , (5)

eff
T

where Qg is the source term for the fluid, ﬂ% is the volumetric thermal expansion coefficient of
the liquid and oz% is the linear thermal expansion coefficient of the solid. Considering compressible

phases, the storage term in THM models is commonly given as (e.g., [60])

or  aB — OF
S’ = 6
THM Kon + Ken (6)

!For clarity, we use index notation based on subscripts along with Einstein’s summation convention. Partial
differentiation with respect to spatial coordinates uses the comma notation, time rates are denoted by a dot over the
variable.
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where the suffix THM denotes the dependencies on thermo-hydro-mechanical processes. The me-

chanical part can be derived from the momentum balance equations and reads
eff
oijj+p79i =0, (7)
with p°f = ¢ppr, + (1 — ¢r)ps and total stress oi; which is given by
0ij = 0j; — aBpdij (8)

where ap is Biot’s coefficient and d;; refers to Kronecker delta and ogj is the effective stress tensor

given by means of the thermo-elastic relation
Ugj = Cijkl <5kl — OJ%AT(SkO s (9)

where c;;,; and g;; are the elasticity and strain tensors, respectively. For the isotropic case, the

above equation can be rewritten in terms of its Lamé coefficients G and A

2G
O'gj = 2G6¢j + Askkéij — <)\ + 3> CX%AT@]‘ . (10)

3. TH model with thermo-mechanical storage coefficients

To obtain an implicit representation of mechanical phenomena in the mass balance of a TH
model, we need to make some simplifying assumptions in order to be able to describe the me-
chanical behavior in terms of coefficients for pressure and temperature time-derivatives such that
the displacement rate in Eq. (a) resolves into pressure and temperature rates. In the following,
we present two idealized cases based on different constraints for the total stress and the strain.
This idealization notwithstanding, real site-scale stress conditions, e.g., in an underground repos-
itory, can be quite complicated depending upon its geological genesis. The mechanical response
to thermal and hydraulic changes at the local scale is, however, a combination of local conditions
independent of the overall far-field stress state as well as the impact of the far-field conditions
themselves, usually imposed via boundary conditions. Therefore, it may be described effectively
by a combination of free expansion as there is no general preferential direction and constraints due
to the confining rock. This behavior is expected to be also dependent on the problem symmetry
and it is a-priori not clear which simplified stress assumptions are to be chosen in a given complex
setting in order to obtain a good pressure prediction. The assumptions are first combined with

linear isotropic thermo-elasticity, and then cased into an orthotropic framework.
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3.1. Isotropic thermo-elasticity

3.1.1. THhyd/iso: constant isotropic stress and isotropic thermo-elasticity

In our first derivation, which we call model THhyd/iso, it is assumed that the total hydrostatic
stress o, i.e. the sum of all normal stresses, remains constant. This would be the case in a freely
expanding specimen. Taking the time-derivative of Eq. (E) and inserting the Lamé parameters,
which provide a sufficient description of the mechanical properties of an isotropic material, we

obtain

1 1. ) 2G . : .
Om = 30ii = 0= gf’z/‘i — ap = <)\ -+ 3) (i — 304%T) — aBp . (11)
—_——
Kg
Thus, we get for the volume strain rate
[0 .
i = stﬁ + 3057, (12)

which we plug into Eq. (B) such that the mass balance simplifies to

a%\ . .
0= (STHM + Ki) p—( %ﬁ — 304]305%)1—' + (wL)m' . (13)

3.1.2. THuni/iso: uniaxial strain and isotropic thermo-elasticity

As the preceding model may not cover all relevant problems of interest, we derive a second
model (THuni/iso) in the following paragraph based on uniaxial strain conditions (ez, = €,y =
0) and constant vertical normal stress o,,. Unlike for THhyd/iso, we need to take additional
thermal stresses into account, originating from the constrained thermal expansion in the transverse

directions:

ui,i = uz,z 5 (14)
o= 0=35", —app=(A+2G) (u _ a%T) —2a80T — app (15)
———
E?

with the uniaxial aggregate modulus ESS Analogous to THhyd/iso, we obtain a simplified



expression for the mass balance:

. A
Uy, = Esp+aT <1+2ES) T, (16)
2 r & A .
(STHM + ES> 7 — apaly ( + 2ES ﬂ T + (wL)ii (17)
E(1-v) Ev
ES = A= 18
S (1+v)(1—-2v) " 1+v)(1—-2v)~ (18)
2 [ eff S IL+v]
0= Stam + ES T — aBaTl T+ (wr)i; - (19)
110 While there is no straightforward generalization for the general anisotropic case, it is possible

1 to generalize the derivations for orthotropic materials in which the material coordinate system is
12 congruent with the surface normals of the applied boundary conditions. This derivation will be

13z presented in the next paragraph.

us  3.2. Orthotropic thermo-elasticity

The physical properties of bedded sedimentary and stratified rocks often exhibit anisotropy
in their hydraulic, mechanical, and thermal behavior due to their genesis. In most cases, those
materials can be described as orthotropic or transversely isotropic (c.f. [61]). This is true, e.g., for
clay rock [62, 63], one of the host rocks being considered for high-level radioactive waste storage
and relevant as a cap rock in many other applications. Therefore, to further extend the practical
relevance of the present considerations, a generalization of the above simplifications THhyd /iso and
THuni/iso to orthotropic material conditions is desirable. Orthotropic elasticity is best portrayed
by the corresponding stiffness (Voigt) matrix C’ij showing the elements of the elastic tensor c;;z; in

an easily readable format:

1—v93v30 Vo1+v31v23 V31+V21V32 0 0 0
EsFE3D EsEsD EsFE3D
Vi12+V13V32 1-v31113 V32+V31V12 0 0 0
EsE1D EsFE1D EsE1D
B V13E+212523 V23E+213[l;21 151/]1321/51 0 0 0
C = 1E2 1E2 1E2 (20)
0 0 0 Gos O 0
0 0 0 0 Gz O
0 0 0 0 0 G2

us with D = (1 — V12lV921 — V93V32 — V3113 — 2V121/23I/31)/(E1E2E3) and the elastic moduli Ei, Gz’j

ue and the Poisson’s ratios v;;. A set of nine independent quantities fully defines the material in its

7
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symmetry coordinate system. This expression is sufficient to derive expressions for the uniaxial
strain case, i.e. generalize THuni/iso to THuni/ortho. For the constant isotropic (hydrostatic)
stress part, i.e. the generalization THhyd/iso to THhyd/ortho, we need to define a bulk modulus
based from C under the given stress condition.

In addition to the stiffness tensor, we consider the thermal expansion to be anisotropic:

M= (ah)iAT (21)

where for orthotropy we find in material coordinates:

(ar)ij = diaglag,,, &, o] - (22)
3.2.1. THhyd/ortho: constant isotropic stress and orthotropic thermo-elasticity
To generalize the first model, we substitute the bulk modulus in Eq. (@) with an average
expression for orthotropic conditions. For the general anisotropic case, the bulk modulus K is not
uniquely defined. However, it is possible to derive an expression for the bulk modulus from the
compliance matrix (C~') assuming orthotropic elasticity (e.g., [64]) that is valid under the given
stress condition of THhyd/ortho (367 =0 ):

ortho = B By + By E3(1 — 2u3) + EsBs(1 — 2019 — 2013)

In the literature, this limiting case is often referred to as Reuss bound [65] on the bulk modulus.

Thus, Eq. (@) becomes

a? .
0= (STHM + B )p - ( °f _ap <a§~) > T+ (wr)i - (24)
Kortho i
It can easily be verified that for isotropy the expression reduces to Eq. (@)

3.2.2. THuni/ortho: uniazial strain and orthotropic thermo-elasticity
While mechanical orthotropy had no impact on the temperature coefficient of THhyd/ortho,
off-diagonal elements of the stiffness matrix need to be considered, when accounting for the thermal

stresses as we did in Eq. (@) Substituting the elastic constants in the derivation of THuni/iso



(Eq. ()f(@)) by the elements of the Voigt matrix yields

app = .. = Cs3 (ézz - OéST;ZT> ~T (OtST;xél?) + OéST;yé23) ) (25)
. ap . s s Ciz o Cog)
= C3sp ( T DT Gy T C's3> (26)
2 C C :
0= <5 + 4B ) p— |85 —ap | o + a2 + a2 | | T+ (wr)ii - (27)
Cs3 Cs3 Cs3

Thus, plugging in the Young’s moduli and Poisson ratios from the Voigt matrix elements

(Eq. (@)), we obtain for Eq. (@)

o (1 — vigvar — vagvss — V31113 — 2v12023131)
0=+
E3(1 — viav91)
off s s V13 +Viala3 s V23 + Vi3l ;
— —ag o, + oy, ——+ oy, ————— || T+ (wr)ij - 28
[ T B< T;z T;x 1 — 1oy Ty - )] ( L)m ( )
124 As mentioned before, the above-derived expressions for orthotropic materials are only valid

s if the material coordinate system coincides with the coordinate system in which the uniaxial
126 strain/constant stress assumptions are made, specifically if e3 = e,. Otherwise, additional shear
127 components need to be taken into account, resulting in non-homogeneous stress and pressure fields,

128 which cannot be captured under the given assumptions.

model principal assumptions anisotropy

THhyd/iso constant hydrostatic (isotropic) stress | thermo-mechanical isotropy
THhyd/ortho | constant hydrostatic (isotropic) stress | thermo-mechanical orthtotropy
THuni/iso uniaxial strain, constant normal stress | thermo-mechanical isotropy
THuni/ortho | uniaxial strain, constant normal stress | thermo-mechanical orthtotropy

Table 1: Overview over all derived complexity-reduced TH models

129 4. Computational aspects

130 All of the test cases were modeled using the multiphysics finite-element open-source software

11 package OpenGeoSys [66, 67] version 6.3 with some alterations. OpenGeoSys was compiled using

w

132 Intel’s MKL librarya. The system of linear equations was solved with the Pardiso direct solver
133 from the MKL library as long as model sizes remained small. Due to the significant memory

13a  usage of direct solvers, large models with around 100000 elements required an iterative solution

Zhttps:/ /software.intel.com/content /www /us/en/develop/tools/math-kernel-library.html
9
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strategy. For this purpose, we used the BICGSTAB solver of the Eigen library ([68]) with a Jacobi
preconditioner. As interpolation functions, a linear basis or mixed-order Taylor-Hood elements
were used depending on the case under study. Details are given in Section B The linear equation
systems were assembled using the monolithic process implementations of the TH implementation
or the full THM implementation available in OpenGeoSys [69]. Nonlinearities are resolved within
a Newton-Raphson scheme for the THM process, and a Picard scheme for the TH processes,
applying absolute tolerance thresholds of 1075 K for temperature increments and 10~2 Pa for
pressure increments within non-linear iterations.

The run time comparison tests were conducted on an Intel i7-6850K machine with 3.6 GHz
running Linux by utilizing the profiling tool perfE. Comparisons were run under practical conditions
to give the applying user an estimate of the computational time that can be saved rather than

focussing on an exact measurement from a computer science perspective.

5. Verification and application modeling

To verify the derived model equations, we first demonstrate exact correspondence under isotropic
as well as orthotropic material conditions, where all assumptions made during the model deriva-
tion are fully fulfilled by means of setting corresponding boundary conditions. In a second step, we
apply both models, THhyd and THuni, to an example problem of a point heat source in an (an-
)isotropic saturated porous medium in order to observe the approximation quality of the various

formulations under conditions where the underlying assumptions are no longer fulfilled exactly.

5.1. Verification tests

To demonstrate exact correspondence between the various TH formulations and the full THM
model under appropriate conditions, we prepared a single hexahedral element test with spatial
dimensions of 50m x 50 m x 50 m and prescribed temperature on all six boundaries. Over a time
of 10 SH with a time step of 0.1s, we increased the temperature linearly from Ty = 293.15K to
Ty =1.5Tp.

3https://perf.wiki.kernel.org/index.php/Main_ Page

*In the absence of spatial gradients and rate-dependent constitutive models, time can be considered a pseudo time
in these single-element test cases. Likewise, the dimensions of the hexahedral element are irrelevant and the test can
be considered an element or point test.

10
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@ THMuni/orthon=e,
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@ THMuni/ortho n=e, °
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2x107 6x107H ... THuni/ortho n = ey
© ©
a a
a a
4x107
1x107
7
@ THMhyd/iso 2x10
—— THhyd/iso
@ THMuni/iso
0 —— THuni/iso 0
300 330 360 390 420 300 330 360 390 420
T/K T/K
(a) isotropic thermo-elasticity (b) orthotropic thermo-elasticity

Figure 1: Exact correspondence between THM and TH models for given temperature increase and mechanical
boundary conditions corresponding to constant hydrostatic stress (iso) or uniaxial strain (uni). Pressure response
for isotropic (a) and orthotropic thermo-elasticity with three different orientations (b).

To fulfill the assumptions for THhyd, we require for the corresponding THM model the normal
displacement components to vanish for x = 0, y = 0 and z = 0, while we use vanishing normal
traction conditions for z = 50 m, y = 50m and z = 50 m.

To satisfy the assumptions of the THM model in correspondence with THuni, we imposed
vanishing normal displacements at x = 0, y = 0 and z = 0 as well as at x+ = 50m and y = 50 m,
while we applied vanishing normal traction conditions at z = 50 m. The set of material parameters
is given in Tab @

In Fig. @ we present the results of the verification test assuming isotropic thermo-elasticity. The
pressure response of the TH model agrees (practically speaking) exactly with the corresponding
THM counterparts for a given temperature if the TH models are parameterized based on the
appropriate assumptions, i.e. THhyd/iso or THuni/iso. This is also true under orthotropic elastic
material conditions that were realized by the following set of elastic parameters: F; = 3 GPa,
Ey = 5GPa, F3 = TGPa, v = 0.23, 93 = 0.33 and v13 = 0.43. For reasons of simplicity,
all thermal expansion coefficients (of:‘r)(m.) = 4.2 -1079K~! were considered to be equal in all
directions; the parentheses indicate suspension of the summation convention. Additionally, the
material coordinate system was used in three configurations: (i) as above, as well as rotated by 7
around the (ii) y-axis and (iii) x-axis. Due to loading symmetry of the THhyd/ortho models, all
three cases trivially agree and only the first case is shown in Fig. @ For the THuni/ortho model,

11
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which is depicted in Fig. @ as well, we get three different curves that coincide all very well with
their THM counterparts. The THhyd/ortho case produces the lowest thermal pressurization due
to an unhindered expansion of the solid matrix and thus the pore space. As confinement increases,
thermal pressurization increases by an amount that depends on the anisotropy of the material and

its alignment with respect to confinement.

5.2. Application-oriented tests: point heat source

To proceed to more application-oriented examples, we use a model of a point heat source
in a fluid-saturated porous medium. This test is inspired by field experiments such as the FE-
experiment in Mont Terri (Switzerland) that mimics full-scale the emplacement of a radioactive
waste disposal cell in clay host rocks, wherefore we chose to take the material parameters as well
as the anisotropy conditions from this underground research laboratory situated in an Opalinus
clay formation [70, 71]. The corresponding data are shown in Tab. E

For the case of a constant heat source, intrinsically incompressible solid and fluid phases, and
spherical symmetry, an analytical solution can be found elsewhere [57, 59] and has been cross-
verified with the THM implementation in OpenGeoSys [69]. The model domain consists of a
structured mesh with spatial dimensions 10m x 10m x 10 m and 24 389 cells in the isotropic case,
and 20m x 10m x 20 m and 97 556 cells in the anisotropic case (Fig. @) The greater model domain
of the anisotropic model is required due to a lower degree of symmetry resulting for our case in only
one symmetry plane. A mesh bias was introduced with a smallest edge length of 0.01 m along each
direction at the heat source. As boundary conditions for the displacement components, we use the
same configuration as for the model THhyd in the verification test. The anisotropic model mimics
a half-space instead of an eighth-space, i.e., Dirichlet boundary conditions were only applied at
y = 0, while all other boundaries were considered as outer- and thereby free boundaries (free of
normal traction). For all outer boundaries, the temperature was required to remain at Ty, whereas,
for the pressure, all boundaries were considered to be free (no-flow).

However, it is important to note that the condition of constant hydrostatic total stress is violated
at each point within the model domain due to shear stresses induced by incompatible thermal
strains due to temperature gradients. That is why we do not expect an exact correspondence

between the solutions of the THM and THhyd models.

12



Table 2: Material parameters for the point heat source model. Numerical indices denote the material coordinate
system. Values taken from [0, [71]

Parameter symbol value unit
Young’s modulus (isotropic model) Fieo 8.0-107 Pa
Young’s moduli (orthotropic model) E,=E, 8.0 - 107 Pa

Es 4.0 - 10° Pa
Poisson’s ratio (isotropic model) Viso 0.35 -
Poisson’s ratios (orthotropic model) V12 0.35 -

V31 = U3g 0.25 -
Shear moduli (orthotropic model) G12 2.96 - 107 Pa

Gz = Ga3 1.48 - 10° Pa
Lin. thermal expansion coefficient of the solid a% 1.7-107° K1
Vol. thermal expansion coefficient of water % 3.98.1074 K1
Porosity OF 0.13 -
Water density oL 999.1 kg m™3
Solid grain density 0s 2300.0 kgm™3
Specific isobaric heat capacity of water CZI; 4065.12  Jkg 'K-!
Specific isobaric heat capacity of the solid c% 995.9 Jkg 'K~!
Heat conductivity of water )\% 0.63122 Wm'K~!
Heat conductivity of the solid (isotropic model) ATiso 24 Wm K1
Heat conductivity of the solid (orthotropic model) A%, = A%, 25 WmK!

N 1.3 Wm 'K
Dynamic viscosity of water 159 0.0013 Pas
Intrinsic permeability (isotropic model) kiso 5-10720 m?
Intrinsic permeability (orthotropic model) k11 = koo 5-10720 m?

k33 1-107% m?
Power of the heat source Q 700 W
Initial temperature Ty 273.15 K
Storage due to phase compressibility STHM 3.0-10710 Pa~!
Biot-Willis coefficient aB 0.6 -

13
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Isotropic case. In Figs. @ — @, the pore pressure as well as the temperature are given as functions
of the radial distance and the time respectively. For the temperature, we see that all four models
again yield nearly identical results. This is due to the fact that the temperature change is mainly
driven by the power of the heat source and the thermal conductivity, in terms of which both models
are indistinguishable, and advection only plays a marginal role due to the low permeability of the
clay material. However, the situation is quite different for the hydraulic process. While all curves
converge in the far-field, we see that THuni/iso fits significantly better to the fully coupled THM
model than THhyd/iso, which appears to be true for all times and radii under scrutiny. At first
sight, this result seems to be counter-intuitive, as we applied the same boundary conditions that
are assumed to hold for the THhyd model to the model domain. Nevertheless, it becomes more
comprehensible if we imagine how the displacement behaves in a spherical coordinate system around
the heat source: The expansion elicited by the heat causes only radial displacement, whereas the
tangential components are zero everywhere, effectively creating a one-dimensional displacement
field. This behavior is at first glance very similar to the principal assumptions of model THuni. In
spherical coordinates, however, the two circumferential strains are non-zero and equal u, /r under
such conditions [p9]. The consequential volume increase that would drive the model towards the
THhyd solution is constrained in the present case due to the confining effect of the surrounding
rock mass. Taken together, these considerations explain the better fit of the THuni approximation.

In other words the free boundaries considered in every direction for the THhyd/iso model are
not reflected by an expansion acting against the surrounding rock mass. Therefore, THhyd/iso
must underestimate the pore pressure. Secondly, from Fig. @, it is clear that for small radii, i.e.
close to the heat source, the temperature gradient is very high, causing a slight mismatch between
model THM and THuni. However, for large radii, the temperature gradient becomes smaller,
and the point heat source problem can be very well modeled locally using the simplification of
THuni/iso. For comparison, we also plotted the standard TH model without any corrections for
the solid’s mechanical behavior resulting in a clear overestimation of the pore pressure which is
due to the implicit assumption of a rigid solid skeleton.

To get a deeper understanding of the mismatch between the complexity-reduced models and the
fully coupled THM model, we evaluated the relative error between the models for different point

heat source powers. The relative error is calculated as the deviation of the TH solution from the
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Figure 2: Temperature (a) and pore pressure (b) solution of a coupled THM point heat source problem in an isotropic
medium along a diagonal line (1,1,1) extending radially away from the heat source. Solution given at time ¢ = 5-10%s,

i.e. about t = 57.9d.
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Figure 3: Temperature (a) and pore pressure (b) solution of a coupled THM point heat source problem in an isotropic
medium versus time at point P=(1.06,1.06,1.06) m.
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Figure 4: Time averaged model error at point P=(1.06,1.06,1.06) m versus heat source power.

full THM solution. As depicted in Fig. H, the relative error increases with power in a nearly-linear
fashion (fitted using a quadratic function within the applied regime).

Following the argument with the temperature gradient it becomes clear that it explains not
only the model mismatch at different locations in space but also the increasing mismatch with

increasing power.

Orthotropic case. The shaly facies of the Opalinus clay at the Mt. Terri site is characterized
by anisotropic (transversely isotropic) physical properties such as stiffness, strength as well as
intrinsic permeability and thermal conductivity. To better represent the geological realities in this
application example, anisotropy was incorporated into the model. We assume that the tunnel
hosting the heater elements is aligned along the y-direction and that z is the vertical direction.
In this coordinate system, the normal of the isotropy plane is given by the anisotropy vector
n = (—0.573576436,0.0,0.819152044). For considering anisotropic properties, OpenGeoSys has
the ability to define a local coordinate system such that any directional property can be defined in
terms of its principal components that are rotated into the global coordinate system accordingly
during matrix assembly. While this holds in principle for both types of models (THM and TH),
a strategy is needed to consider mechanical anisotropy for our adaptations in the TH models,
particularly in the THuni case. While the bulk modulus Kg is invariant under rotations it is a
priori not clear how the assigned z-direction of model THuni/ortho should lie with respect to the
material coordinate system in our application example.

Therefore, we calculate the thermo-elastic correction terms in model (@) based on the material’s
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transverse isotropic elastic constants, i.e. in the material coordinate system (further denoted as
“Re3” for the soft axis and “Rel” for the stiff axes), as well as from the rotated elastic tensor
coordinates into direction (1,1,1) (in Figs. @ - @ this model is denoted as “R111”) in order to
achieve an equally weighted average from all directions. The details of this rotation operation and
the rotated tensor coordinates can be found in .

In Figs. @ and @, we see that as for isotropic material parameters, all temperature predic-
tions agree very well. Deviations can be found again for the pressure solution (Figs. @, @, @,
and @) Additional to the different alignments of THuni/ortho and THhyd/ortho based on the
Reuss bound of the bulk modulus, we added an additional case of THhyd/ortho based on the so
called Voigt bound. Instead of hydrostatic stress conditions, the Voigt bound is derived under the
assumption of hydrostatic strain and thus, the bulk modulus is deduced from the stiffness matrix
instead of the compliance matrix. Therefore, we expect the model to compensate somewhat for
the underestimation as it was observered for isotropic material parameters. However, as can be
seen in Fig. @ and @, this effect is very small. Analogously, to the isotropic case, we find a
strong overestimation in pore pressure for the simple TH model which we attribute to the rigid
solid skeleton, keeping in mind that while the anisotropic mechanical response is neglected, the
anistropic hydraulic and thermal properties are correctly accounted for. Similar to the isotropic
case, we find that the THuni models fit better. As one might expect, the derivation based on the
soft axis (Re3) is underestimating the pore pressure, while the derivation of THuni based on the
stiff axis (Rel) is overestimating the pore pressure. The best match can found for THuni/ortho
R111, which equally weights the mechanical response of all directions. While THuni/ortho R111
contains an effective elastic response without a preferential direction, it might be surprising that
it is able to grasp the anisotropic behavior pretty well. However, sensitivity analyses have shown
that the evolution of pore pressure is dominated by thermal conductivity and hydraulic perme-
ability [72, [73], which are both fully represented with their anisotropic behavior in all TH models.
This happens to be the principal reason why we find a good agreement for anisotropic material
parameters as well. This is confirmed by the 3D plots, which show the mirror plane at y = 0 to
the front (Fig. H), as well. The temperature profile (Fig. @) clearly shows the anisotropy around
the heat source origin. Looking at the pressure difference, this region is well described with by

model THuni/ortho (Fig. @) Nevertheless, we see in both simplified models (Fig. @ and @)
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Figure 5: Temperature (a) and pore pressure (b) solution of a coupled THM point heat source problem in an
anisotropic medium along the diagonal (1,1,1) extending radially outward from the heat source at time ¢ = 5e6s.

a small overestimation in pore pressure in the far-field. We attribute this effect to the fact that
the directional dependence of the mechanical properties is considered only by averaging over all

directions in our simplified models.

5.8. Application-oriented tests: cylindrical heat source in a heterogeneous medium

As a final test case we investigated a more complex case of a cylindrical heat-source surrounded
by three different materials: bentonite, a pedestal and the anisotropic clay material. All materials
are represented here as linearly elastic, in line with the idea that the presented scheme is used for
computationally efficient early scoping calculations. Such analyses should, of course, not replace
full THM calculations incorporating the complex THM behaviour of materials such as bentonite
or clay rock.

The configuration and the finite-element triangulation is depicted in Fig. @ The heater is
placed on a compacted bentonite pedestal (red) of thickness 0.8 m and is modeled with a circular
boundary with » = 0.525 m. The surrounding granular bentonite (white) has a thickness of 0.715 m.
The spatial extensions of the model domain are 100m x 100m. The material properties for the
clay material were also taken from Tab. E The power of the heat source as well as bentonite
and pedestal material properties are given in . The heat source is represented via
Neumann boundary conditions for the energy balance. For the hydraulic process, all boundaries

were considered to be no-flow boundaries, whereas the inner boundary as well as the upper and
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Figure 6: Temperature (a) and pore pressure (b) solution versus time of a coupled THM point heat source problem
in an anisotropic medium at point P=(1.06,1.06,1.06) m.

the right boundary are traction-free boundaries for the mechanical processa. For the outer lower
and left boundaries, normal displacements were constrained (roller bc). The heater boundary was
modelled traction-free as well in this simplified representation.

Whereas the temperature response of all TH models agrees exactly with the full THM model,
the behavior of the pressure response requires a closer look. For this purpose, we evaluated the
pressure response at three observation points. P1 is placed in the bentonite layer whereas P2 and
P3 are placed within the clay material.

For all points, we observe a very strong mismatch between a “rigid” TH model and all other
models incorporating mechanical effects. For the near-field point P1 we find that THM, THhyd
and THuni behave qualitatively similar, but both complexity-reduced models underestimate the
pressure significantly. However, for P2 and P3, which are associated with the intermediate-field
region, THuni seems to provide a relatively good prediction, while THiso is underestimating the
pore pressure as in the point heat source problem. The underestimation of THuni compared to the
fully-coupled THM model for P1 can be explained by the impact of the bentonite—clay interface.
The direct material coupling causes an effective stiffening of the bentonite that is pronounced
stronger in the THM model. The information about this constraint is propagated through the
material via its shear stiffness in the THM model. In contrast, the consideration of mechanical

effects in THuni and THhyd is purely local, i.e. neighbouring regions have no effect. From an

Given linearity in the current analysis, the superposition principle holds.
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experimental standpoint, such interfaces behave quite complicated and are usually far from ideal
and require careful consideration. Therefore, it is a-priori not clear whether the tight material
coupling in the THM model is in all cases a better description of reality. Although, boundaries and
interfaces can affect both models differently, we find that THuni is able to give a fairly good estimate
for the pore pressure evolution which is a substantial improvement compared to the pristine TH
model. A more detailed analyses involving mechanical fields and phenomena such as inelasticity

then requires an actual THM analysis.

6. Runtime benchmarks

After showing the applicability of various TH models with consistent thermo-mechanical pa-
rameterization, we conducted additional performance tests to get an idea of how much time could
be saved compared to running the fully coupled THM model. These tests are based on the point
heat source problem, as presented in the previous section. In addition to the meshes used previ-
ously, a coarser mesh with a size of 1000 elements (anisotropic: 4000 elements) was used. A rough
estimation of how much computing time can be saved based on the idea of linear scaling is done
quickly by comparing the number of degrees of freedom, i.e., by multiplying the number of nodes
by the number of primary variable components per node. For the full THM model, we have (p, T,

ug ,uy and uy), whereas for the TH models, the number of primary variables reduces by a factor
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of 2/5: p and T. In fact, this constitutes more or less a lower bound as most solvers scale usually
worse, dependent very much on the size of the linear system. We also have to add, that as of
now, OpenGeoSys uses the Picard solver for the non-linear problem of the TH process, whereas
the Newton solver is used for the THM process. The values obtained here can thus not be easily
extrapolated to other solvers but do hold some value as practical estimators.

Furthermore, for THM, it is common to use mixed-order Taylor-Hood elements for the primary
variables to overcome the problem of pressure oscillations in low-permeable media [[74, [75], i.e., while
for p and T a linear basis is used, a quadratic approximation space is used for u;. This, in turn,
increases the number of degrees of freedom and thereby the computational cost of the fully coupled
THM model even further. For the thus resulting three mesh sizes summarized in Tab. E, this effect
amounts to a factor of roughly 8/3 in terms of degrees of freedom compared to the case where a
linear basis is used for all primary variables. Also, full integration on a quadratic mesh implies
a higher number of integration points than when using a linear approximation space. For typical
Serendipity-class elements in 3D (HEX20 vs. HEXS8 for quadratic and linear approximations,
respectively), each element would have 27 or 8 integration points, respectively. Note, that this
increase in cost comes solely due to the necessity of incorporating deformation processes into the
THM models. In other words, both in the THM and the TH models, pore pressure and temperature
are merely approximated by linear Ansatz functions and do not benefit from the higher-order
elements introduced to stabilize the hydro-mechanical coupling.

The results of the performance tests are presented in Fig. E and Tab. E Here, for comparability
reasons, only data obtained using the Pardiso direct solver is shown (i.e., we skipped the analysis
of the normal mesh discretization of the anisotropic model which was solved using the BICGSTAB
solver). While the number of degrees of freedom is decreased by a factor of 5/2, the speed-up is for
all meshes nearly about a factor of 10. Likewise, when comparing the case of quadratic elements for
the displacement (THM-Q) with the case, where linear elements were used for all variables: While
the number of degrees of freedom is reduced by a factor of 3/8, a runtime improvement of about
a factor of 4 can be observed for the small mesh up to 10 for the normal mesh. For the normal
mesh size, this means a speed-up of about a factor of over 200. Practically speaking, the DoF
reduction is most significant when transitioning from a THM model with Taylor-Hood elements

to a TH model with linear elements. Note that still, the number of pressure and temperature
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Table 3: Models with their corresponding sizes, degrees of freedom (DoF') and their calculated computing (CPU)
times. Q indicates the use of Taylor-Hood elements with quadratic approximation of displacement. For all small
meshes, we provide the mean and the standard deviation based on 10 repetitions.

Model (mean) CPU time DoF
TH small 54.8 +£0.4 2662
THM small 498.0 + 8.8 6655
THM small Q 1901.2 +£4.1 17545
TH aniso small 132.44+0.5 9702
THM aniso small 1456.8 £17.4 24255
THM aniso small Q 7547.8 +45.0 65205
TH normal 2280 54000
THM normal 48028 135000
THM normal Q 477082 369900
10° ¢
T
10° ([ THM
I THM_Q
10*F

small aniso normal
mesh size

Figure 9: Speed-up between THM and TH models for different mesh sizes.

degrees of freedom remains unchanged during such a transition. Furthermore, as seen in the
verification section, the accuracy can be largely maintained when a consistent thermo-mechanical
parameterization is chosen for the TH model. To further improve the representation of the far-field
in a computationally efficient manner, infinite elements [@] are a viable option as well which may

be used in combination with the present approach.

7. Conclusions

Until today, complexity-reduced models are necessary for tasks like framing calculations, sen-
sitivity analyses, parameter identification (by inverse modeling), uncertainty quantification etc.

Such simplification for speed-up always has to be balanced with a loss on a case-by-case basis. The
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present work showed how TH models should be consistently parameterized in order to make quan-
titative predictions of thermal fluid pressurization comparable to those obtained by fully coupled
THM models.

Based on a consistent consideration of thermo-mechanical processes, we derived two model
equations that enable the modeling of coupled thermo-hydro-mechanical effects with the compu-
tational effort of a hydro-thermal model. The equations hold exactly under well-defined stress and
strain conditions in orthotropic porous media but also largely maintain their accuracy in more gen-
eral cases. The latter was shown for the case of a point and cylindrical heat source in an anisotropic
porous medium for which both TH models provided reasonable estimates for pore pressure and
temperature despite a violation of the simplifying assumptions made during the derivation of the
TH formulations.

Using the finite-element software OpenGeoSys we showed that a speed-up of two orders of
magnitude could be reached in some cases. It is important to note that the actual speed-up is
strongly dependent on the model size and implementation details. However, the most beneficial
results are found for the highest number of degrees of freedom for which complexity-reduction is
particularly interesting.

Future studies should investigate similar approximations for unsaturated and inelastic material

models and in the presence of heterogeneous mechanical properties.
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Table A.4: Material parameters for the point heat source model.

Parameter symbol value unit
Young’s modulus Eis 2.7-10° Pa
Poisson’s ratio Viso 0.33 -
Young’s modulus by 3-10° Pa
Young’s modulus Ey 5-10° Pa
Young’s modulus Es 7-10° Pa
Poisson’s ratio V19 0.23 -
Poisson’s ratio V93 0.33 -
Poisson’s ratio V13 0.43 -
Shear modulus G112 1.2-10° Pa
Shear modulus Gos 1.3-10° Pa
Shear modulus Gi3 1.4-10° Pa
Lin. thermal expansion

coefficient of the solid o 1.4-106 K-t
Vol. thermal expansion

coefficient of water :I; 3.98-1074 K1
Porosity oF 0.183 -
Water density oL 999.1 kgm™3
Solid grain density 0S 2768.5 kgm™3
Specific isobaric heat

capacity of water cII; 4065.12 Jkg 1K1
Specific isobaric heat

capacity of the solid CIS) 860.0 Jkg 1K1
Heat conductivity

of water Py 0.63122 WmK?
Heat conductivity

of the solid )\% 1.7 Wm1K!
Dynamic viscosity

of water U1, 0.001 Pas
Intrinsic permeability ks 3-10720 m?
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Appendix A. Parameters used for showing exact correspondence

Appendix B. Parameters used for cylindrical heat source
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Table B.5: Material parameters for bentonite and the pedestal of the cylindrical heat source model.
indices denote the material coordinate system.

Numerical

Parameter symbol value unit
Young’s modulus Ebent 18.0 - 10 Pa
Young’s modulus Eped 24.0 - 108 Pa
Poisson’s ratio pbent 0.35 -
Poisson’s ratio pped 0.2 -
Lin. thermal expansion coefficient abent 1.7-107° K1
Lin. thermal expansion coefficient a%ed 3.0-1076 K-t
Porosity phent 0.331 -
Porosity pbed 0.331 -
Solid grain density pent 2232.15 kgm™3
Solid grain density pged 2526.16 kgm™3
Specific isobaric heat capacity of the solid cgem 800 Jkg 'K!
Specific isobaric heat capacity of the solid 5 800 Jkg 'K!
Heat conductivity of the solid )\l%e“t 1.79 Wm'K™!
Heat conductivity of the solid AE’F‘“ 143 Wm'K™!
Intrinsic permeability Jbent 3.5-10720 m?
Intrinsic permeability kped 1.0-10722 m?
Power of the heat source Q 1350 W%
Initial temperature 1o 288.15 K
Biot-Willis coefficient aB 1.0 -

a5 Appendix C. Stiffness tensor coordinates of Opalinus Clay in global (rotated) coor-

416

dinate system

form, such that we can write

/
Cijki = RiijanoRlpcmnop 5
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In order to perform the coordinate transformation, the stiffness tensor was used in its tensorial
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where R;,, are the components of the rotation matrix, which can be deduced from the anisotropy

vector n = (ng,n,,n;)T by constructing the following basis:

T
, 1
e = 0, —— , (C.2)
v+ ()
/. T
€3 = (nmany’nz) ) (03)
9/2 = 8/3 X e’1 . (C4)
This construction is only valid if n, # 0, otherwise a separate case needs to be considered:
ey =(1,0,0)", (C.5)
e,Q = (07 Nyy =Ny, )T ) (06)
€3 =(0,ny,mz,)" . (C.7)

If only axes are exchanged, this transformation is trivial. However, we used the (1,1,1) vector
in order to obtain an equally weighted average of the elastic properties from all directions. After
transforming the elastic tensor back into its Voigt matrix form and inserting the numerical values

from Tab. E, we obtain the rotated stiffness matrix:

8.84722¢9  5.97377e9  5.92901e9  6.32897e7  1.31925e9 —9.32848e8
5.97377e9  1.13945e¢10  6.21502e9  1.03956e9  5.90952e8  —1.2732€9
5.92901e9  6.21502¢9 1.00226e10 9.00616e8  1.55991e9  —2.4769e8
6.32897e7  1.03956e9  9.00616e8  2.41872e9 —8.73152e7  3.64148e8
1.31925e9  5.90952e8 1.55991e9 —8.73152e7  2.3179¢9  —6.76556€7
—9.32848e8 —1.2732¢9 —2.4769e8  3.64148e8 —6.76556e7  2.27006€9

(C.8)
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