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1 Introduction and concepts

PN-BRNS was created for generating 2-dimensional pore networks and simulat-
ing flow and transport.

The main features of PN-BRNS are:

• Generation of a two-dimensional hexagonal pore-scale network structure.

• Using randomly assigned radii for the pores. The one-point distribution of
the pore radii can either follow a normal or log-normal distribution, whereas
the two-point distribution of the radii (variogram, correlation or covari-
ance function) may follow a Gaussian, exponential, power-law or truncated
power-law model function.

• Flow is generated according to a prescribed pressure drop along the flow
direction.

• Reactive transport is computed for a (theoretically) arbitrary number of
chemical species.

Additional information on the code and some benchmark calculations are pub-
lished by Gharasoo et al. [2012]. For more information on the used random field
generator we refer to [Kramer et al., 2007] as well as the Biogeochemical Reaction
Network Simulator, which is used for the solving of the reactive part we refer to
Regnier et al. [2002] or Centler et al. [2010].

1



2 Installation and Use in a Matlab

Environment

2.1 Prerequesits

To use the functionality of PN-BRNS you need a working Matlab environment.
For the calculation of simple reactive transport simulations you can use the pre-
defined Matlab routines. In case of more complex reaction networks we provide
binaries of the Biogeochemical Reaction Network Simulator (BRNS) library. In
order to create libraries of BRNS yourself you have to contact Pierre Regnier as
the copyright holder. You can however, also use other software and couple it with
PN-BRNS on your own.

2.2 Specifying the platform

Matlab itself is a cross-plaform application available both for Windows-like (Win-
dows XP, Windows Vista, Windows 7) systems as well as Unix-like (Linux, Mac
OSX, ) systems. However, both types of operating systems have different imple-
mentation of shared libaries, which are used by PN-BRNS in order to solve the
reaction of the transported species. As a result the type of architecture has to
be specified. To that end a file called conf.txt is used, which is located in the
arch subdirectory (located in the main directory). In this file the type of the
operating system has to be given (windows or unix) as well as the names of the
reactive libary and its header file.
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3 Reference Manual

3.1 Basic structure

PN-BRNS is made up of several Matlab files, which in conjunction provide the
functionality described above. In the following these files are listed and explained.
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Figure 3.1: Schematic of the different files.

The first file is getGeometry.m, where the skeleton of the network is build (see
schematic in Figure 3.1). In the second step random values are assigned to each
pore in the getRadii.m file. The flow field is solved for the network in the
getFlow.m file. In the last step the (reactive) transport for several species is
computed in the getTransport.m file.

3.2 Creating the geometry
In the first step the raw geometry of the pore space without any additional in-
formation is generated. The relevant parameters are
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• n, which should be a factor of 4 and represents the X axis,

• m, which should be even and represents Y axis and

• l pore, which represents the pore length lpore in m.

These parameters are grouped together and passed to the getGeometry.m func-
tion. The return value of this function is the struct variable GeometryData

containing the relevant grid data.

Figure 3.2: Example geometry of the pore-space network. The used parameters
were: n = 120, m = 36 and l pore = 0.001 (given in meter). This resulted in
network with npore = 3162 number of pores and nnode = 2160 number of nodes.
The dimensions were Lx = 0.09 m and Ly = 0.03 m in x and y directions
respectively.

The result is the raw geometry of the pore network(see Figure 3.2), which is used
in the following for the calculation of flow and transport.
The parameters n and m need some further explanation since their values do
not straight forwardly apply to the generated pore structure. The layout of the
structure is a hexagonal honey-comb network of interconnected tubes having an
angle of ϕ = 120◦. Here these tubes represent the pores and effects appearing
on the nodes are neglected. The hexagonal grid has been chosen over a simpler
square grid since the latter produces unphysical effects due to an over-regular
structure [Dupin et al., 2001].
A schematic representation of the hexagonal layout of the pore network can be
seen in Figure 3.3, where the dotted lines represent the hypothetical grid, along
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Figure 3.3: Schematic of the hexagonal pore structure.

which the pores are arranged. The values n and m are therefore the number of
these lines of this hypothetical square grid. A single hexagonal pore therefore
needs n = 4 and m = 3. Due to reasons regarding symmetry the parameter n

should always be a multiple of 4 and m being a multiple of 2.
As a result of this design decision, it is also not straight forward to compute the
number of pores or the physical dimensions of the network, which are generated
for a given n and m. Whereas the number of nodes is simply nnode = n m/2, the
number of pores can be calculated according to npore = n/2(m − 1) + (n/2 −
1)ceil(m/2), where ceil rounds towards minus infinity. The lenght Lx and height
Ly of the generated pore network can be calculated according to Lx = lpore((n/2−
1)1.5) + 0.5 and Ly = (m − 1) sin(ϕ). If the physical dimensions are given, the
necessary number of elements can be computed according to n = 4/3(Lx/lpore −
0.5)+ 2 and m = Ly/ sin(ϕ) + 1. Both values should be rounded such that above
conditions are meet.

3.3 Assigning random pore radii to the geometry

In the second step random pore radii are generated by the function getRadii.m

in order to get a heterogeneous pore space. The relevant parameters are

• lambda x, i.e. the correlation length λx in the x-direction,

• lambda y, i.e. the correlation length λy in the y-direction,

• mu, i.e. the expectation value µ of the random field,

• sigma2, i.e. the variance σ2 of the random field and
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• func, which defines the variogram function of the random field.

• The type of the one-point distribution.

These parameters are again grouped in a struct variable called RadiiCoeffs.
The return value of the getRadii.m function is a list containing the pore radii of
every pore.

Figure 3.4: Example geometry of the pore-space network with heterogeneous
distributed pore radii. The used parameters were: λx = λy = 0.005, µ = 0.16 10−3

and σ2 = 5 10−9. The field was log-normally distributed and had a Gaussian
variogram.

The function uses a random field generator, which can provide random values
for the pores. The position is taken to be at the center of each pore. The field
generator can provide both a normal as well as a log-normal distribution for the
point values. For the variogram several model functions can be generated: a
Gaussian, an exponential, a power law as well as a truncated power law. The
generator can also provide isotropic and anisotropic fields.

3.4 Computing the flow field

In the third step the velocity field is generated and assigned to every pore j in
the network by the function getFlow.m. The relevant parameters are

• delta p, which is the pressure drop ∆P along the whole geometry.
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Since the flow direction is assumed to be from the left to the right, ∆p is defined
accordingly. The flow parameters are again grouped in a struct variable called
FlowCoeffs. The return value of the getFlow.m function is a list containing the
flow velocities in every pore.

Figure 3.5: Example geometry of the pore-space network with heterogeneous
distributed pore radii. The used parameters were: λx = λy = 0.005, µ = 0.16 10−3

and σ2 = 5 10−9. The field was log-normally distributed and had a Gaussian
variogram.

For the solution the Hagen Poiseuille equation is used in order to compute the
volumetric flow in each pore:

qj =
πr4j
8ν

∆pj
lpore

.

Here ν is the dynamic viscosity of water and ∆pj is the pressure drop along pore
j. Interpreting above equation by using Darcy’s law we get K = (πr4j/8νlpore) as
the conductivity of each pore. Mass conservation is achieved by using Kirchhoff’s
law, i.e. qj,1 + qj,2 + qj,3 = 0 in case of a hexagonal grid (see Figure 3.3). By
virtue of Kirchoff’s law and using above equation one can derive a system of npore

equations, which can be solved for the npore unknowns of qj .
The flow is then used in order to determine the water velocity in each pore j
according to

uj =
qj
πr2j

.
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These data are then used in order to determine the advective transport of each
species.

3.5 Solving the transport

In the fourth step the time-dependent (reactive) transport is solved for a number
of nspec chemical species in each pore j in the function getTransport.m. The
relevant parameters used for the solution of the transport are

• t end, which is the length of the time interval,

• t 0, which is the beginning of the time interval,

• dt, which is the length of the step size ∆t and

• spec no, which is the number nspec of chemical species.

These parameters are again grouped in a struct variable called TransportCoeffs.
The return value of the getTransport.m function is a list containing the concen-
tration values of every species i in every pore j.

Figure 3.6: Transport of a conservative tracer at four consecutive time steps.
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The transport step is solved using the advection-diffusion-reaction equation within
each pore j, i.e.

∂

∂t
ci,j = −

∂

∂xL

· (ujci,j) +Di

(

∂2

∂x2
L

+
∂2

∂x2
T

)

ci,j + ri,j. (3.1)

Here t is the time, ci,j is the concentration of species i in pore j, Di is the diffusion
coefficient of each species and Ri,j the respective production and consumption
rate. Several methods can be employed for the reaction part. The directions xL

and xT are the longitudinal and transversal directions within each pore. Two
different scenarios are possible according to the hexagonal geometry (see Figure
3.3): (i) a horizontal pore, were xL = x and xT = y as well as (ii) an inclined
pore, were xL and xT are inclined, too.
Instead of the full two-dimensional system given by Equation (3.1) we only solve
a one-dimensional system averaged along the width of the pore. This sytem is
given by the following expression

∂

∂t
Cj = −

∂

∂xL

· (UjCj) +D
∂2

∂x2
L

Cj +Rj. (3.2)

Here Cj is the list of the averaged concentration of all species and Uj, D and
Rj are lists of the appropriate velocity, diffusion and reaction components. For a
derivation of this coefficient functions we refer to [Heße et al., 2010].
In order to solve Equation (3.2) for every pore a simple operator splitting pro-
cedure is applied, where the different terms like advection, longitudinal diffusion
as well as reaction are solved successively. For the discretization of the time
derivative a simple explicit Euler scheme is employed, i.e.

∂

∂t
Cj ≈

∆Cj

∆t
=

Cn
j −Cn−1

j

∆t
.

In order to avoid unstable solutions, which may arise with this method, the
Courant-Friedrichs-Levy conditions must be meet.

Advection According to Equation (3.2) we get for the advection the following
expression

(

∂

∂t
Cj

)

adv

= −
∂

∂xL

· (UjCj).

Like the time derivative, the spatial derivative in this expression is also approxi-
mated by using a difference method, i.e. the differential is replaced with a differ-
ence, leading to the following expression
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(∆Cj)adv = −
∆t

∆x
Uj(C

n−1
in,j −Cn−1

j ) (3.3a)

Cin =

∑

qkCk
∑

qk
(3.3b)

Here the Cin,j is the list of inlet concentrations for each pore j. Due to the
hexagonal geometry the calculation depends on the type of node.

Figure 3.7: The two different node types of the hexagonal geometry structure.

Two different types of nodes can be distinguished (see Figure 3.7). The first type
is where a horizontal pore is branching into two inclined pores. Every inclined
pore therefore has only one inlet and the concentration is divided according to
the fluxes. The second type of node is where two inclined pores merge into one
horizontal pore. Here the inlet concentration is derived by summing up both
predecessing concentration according to the fluxes.

Longitudinal Diffusion According to Equation (3.2) we get for the longitu-
dinal diffusion the following expression

(

∂

∂t
Cj

)

difL

= D
∂2

∂x2
L

Cj.

Like in case of the advective flux we chose again a difference approximation leading
to the following expression

(∆Cj)difL = ∆tD
Cn−1

j−1 − 2Cn−1
j +Cn−1

j−1

∆x2/2
,

where Cj−1 and Cj+1 are the concentrations at the upstream and downstream
nodes respectively.
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Transversal Diffusion No transversal diffusion is featured in Equation (3.2)
due to the averaging along the width of the pore.

Type I node

Type II node

Type II node

Figure 3.8: Discrimination of upper and lower pore regions in order to emulate
transversal diffusion.

We can however, define an upper and a lower concentration for each pore j (see
Figure 3.8) leading to the following approximation of the transversal diffusion

(

∂

∂t
Cj

)

difT

= D
∂2

∂x2
T

Cj.

Like in case of the longitudinal diffusional flux we chose again a difference ap-
proximation leading to the following expression

(∆Cj)difT = ∆tD
π2

4

(

Cn−1
up,j −Cn−1

down,j

)

∆y2j /2
,

where ∆yj is the width of the pore j and Cup,j and Cdown,j are the concentrations
at the upper and lower part of the pore j respectively.
In order to fully implement upper and lower pore regions we also have to adapt
the advective part. The initial conditions for the Type I node now reads

Cup,in =

∑

qkCup,k
∑

qk
(3.4a)

Cdown,in =

∑

qkCup,k
∑

qk
(3.4b)

if it is an upwards pointing pore and
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Cup,in =

∑

qkCdown,k
∑

qk
(3.5a)

Cdown,in =

∑

qkCdown,k
∑

qk
(3.5b)

if it is a downwards pointing pore. The corresponding conditions for a Type II
node now reads

Cup,in =

∑

qkCup,k
∑

qk
(3.6a)

Cdown,in =

∑

qkCdown,k
∑

qk
(3.6b)

The cases of pore at the upper and lower boundary of the medium are special
since they have only one predecessor by definition. This case is however, simple
(the chemical species are only passed from one pore to the next) and therefore
not repeated here.

Reaction In the most simple case, i.e. without reaction, the code can already
compute the movement of a conservative tracer. For simple reactions or reaction
networks matlab code can be written by the user. In case of more complex reac-
tion networks we can provide binaries of a library, which can solve a variety of
reactions, which are described by algebraic terms or kinetic non-equilibrium reac-
tions given by ordinary differential equations. These libraries have been generated
by encapsulating the reactive module of the Biogeochemical Reaction Network
Simulator (BRNS). In order to generate libraries on your own you need to contact
Pierre Regnier, who holds all property rights to the software as well as Florian
Centler, who generated the libraries. As an alternative you can use any other
reaction network simulator and connect it to this code.
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