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Newton-Raphson Method
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Newton-Raphson Method
The Newton-Raphson Method says: | onTapTee i
Choose a starting value x, Iter# Xn fx) F(x) Xn1 ™ Xn Xn1
0 2.5 -17.88 -1.25 -14.3 -11.8
. f(ID) 1
£y = Tp — ff(i:ﬂ) : -11.8 -1800 454.9 3.956 -7.844
2 -7.844 -523.3 206 2.541 -5.304
Iterate the process
. fa) 3 |-5304 |-1484 | 956 1.552 3.751
Tpt1 = Tn — f,,(;) 4 |-3751 |-39.42 | 47.22 0.8348 -2.917
n
5 -2.917 -8.655 27.18 0.3184 -2.598
Until [ [f(x,,1)| | is approaching zero 6 -2.598 |-1.057 | 20.64 0.0512 -2.547
7 -2.547 -0.0256 | ...




Newton Raphsen Method

We converged

20 4

Where are all the intermediate points
located on the curve?

@ -2.546 10 lter# X, f(x) f’(x) Xne1 - Xp Xps1
\ 0 25  -17.88  -1.25 -14.3 -11.8
-4 -3/ -2 -1 1 418 1800 4549 3.956 -7.844
-10 4 2

-0 4

-30 4

-50 4

We started
@2.5

What if we only want the solution that is
positive and close to zero?

You could use the so-called

Damped Newton Method




Damped Newton-Raphson Method

i X . . . .
Choose a starting value X For example, if we would like to constrain the solution x to

positive values, a popular damping factor formulation would
Iterate the process be,

.-"i"n:i"
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Calculate damping factor &
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Tn+l = In + i)

Until | [f(x,.,)| | is approaching zero
So for our case, if we have damping switched on,

After damping factor applied, Ar = -143
- ¢ = 25

lter# X, f(X) f'(X) Xn+1 ™ Xp 0 Xn+1
0 25 -17.88  -1.25 143 0.0874 1.25 @ = 05
1 125 -9.672  -1031  -0.937 -0.6664 0.625 5= 7

2 0.625 -2.787 -11.33 -0.246 1.0 0.379
riﬂ'n.:i"_ ?

3 0.379 -0.022 -11.09 -0.002 1.0 0.377




Newton-Raphsen in multiple dimensions

Single Dimension Multiple Dimensions

Choose a starting value x, Choose a starting value x,

f( ) Iterate
b
ry = Ty — £ D) . Evaluate residual  f{x,)
o
Evaluate Jacobi matrix /()
Iterate the process
_ g, — L4an) sove  Aw=—J"(z,) - f(r)
1’:1‘14‘1 - xﬂ - f‘f(I )
" update T4l = In + A

Until | |f(x,,,)| | is approaching zero

Until | |f(x,,,)| | is approaching zero

%{a) %(a) . %(a) ——> Different rows are
Je(a) = : : . : different functions
%-2’—1‘(.:1) %-2’—;([1) . %%(a)

Different columns are
derivatives over different unknowns




Newton-Raphsen in multiple dimensions

If we do not know
the explicit expression of f(x), Using 1t order forward
Euler approximation

file + Ax) — filx)

d d d

gr(a) §h(a) ... Fta) Ohilr)
Je(a) = : : . : O Az

Ofm(q) Um(q) ... 2n(q)

How do you decide the size of Ax?
Someone suggests to use 1.0e-6 for Ax, what do you think?

An often adopted technique is to use relative increment.

( Fathllzle) —F@)

hlx]

(VaF)(@); = |
F(hej) — F(x) 0
\ h

Normally using 1.0e-6 for h will be appropriate.




Combined with Newton Method

Newton Raphson Method

___— Concentration of basis species
= Unknown vectorx < |

| _____—— Mass balance equation of basis species
= Non-linear function f(x)

< = number of basis species
= Number of dimension

\\
= Starting value x, Use total mass of basis species as initial guess

\

u i i - - .
TEEEEe Sein \ When concentrations of basis species changes,

Change the concentrations of secondary components
using the mass action law.

= Damping factor

Apply damping factor to keep concentrations to
be always non-negative.




Governing Equations for the Equilibrium Reactions

In mathematical language, the chemical system is always constrained by
2 types of governing equations. They are,

1) Mass action equations

2) Mass conservation equations
(Mass balance)

In another word,

1) Equilibrium reactions always satisfies the stoichiometric relationship
and equilibrium constants.

2) Mass only shifts from one component to the other in chemical
reactions. It is never destroyed or created.




Classification of Chemical Reactions

Chemical
Reactions
A
- N
Equilibrium Kinetic
Reactions Reactions
“Instantaneous” “Gradually”
oC oC
— =0 — £
ot ot
Algebraic Equations Ordinary Differential
(AE) Equations (ODE)




Basis Species Secondary Components




Basis and Secondary Components
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Basis and Secondary Components

Equations logK

CaCO; = H,CO; — 2H + Ca®™  13.46
HCO; = H,CO, — H* 6.35
CO; = H,CO4 — 2H* 16.68

Take one example: C'aC'O3 = HQCOE; —2H" + Ca*"

 {H,005} - {Ca?t}
— s
U} 1CaC0s} lLog on both side.

logK = log{ H,C O3} —2log{ H" } +1og{Ca*"} —log{CaC O3}

Law of mass action: K

Write in the same sequence as original equation:

log{CaCO3} = log{ H,CO%} —2log{ H*} +1log{Ca*"} —logK




Basis and Secondary Components

Basis

Secondary

Log{H.COs*}

Log{H+}

Log{Caz++}

Log{CaCOs}

Log{HCO:s-}

Log{COs--}




Basis and Secondary Components

Basis Species

-
T ¢ Stoichiometric - gg
O & . iy
3 E Matrix 20 L
S S
=
N\ Y, §

Mass Conservation
Constrains (total mass)




Following the Law of mass action,

Let’s fill the numbers in...

H.COs* H+ Car++

CaCOs

HCO:s-

COs--




Law of Mass Action in Linear Algebraic expression

The mass action law is actually linear:

4 N\~ N ~N e 3
Log{CaCOs} Log{H.COs*} LogK:
Log{HCOs-}| = - | Log{H+} - | LogKa
Log{COs--} Log{Car++} LogKs

\\ J \_ _J \_

_J . /
Mathematicians Iikes\ \ \ /

the vector/Matrix

form: Log SC = StoiMatrix - Log BS - Log K
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Law of Mass Balance

Total mass of basis species should be balanced:

[HyC O3] + [CaCOs] 4+ [HCO3] + [CO5 | = tot|H,CO3]
[HT] = 2[CaCOs] — [HCOZ| — 2[CO3| = tot|H™]
[Ca*"| + [CaCO5] = tot[Ca*"]

In @ matrix vector form:

BS + StoiMatrix'. SC - tot Mass = 0

We use numerical method to solve the above Mass Conservation Eq. together with
mass action Eq.

Log SC = StoiMatrix - Log BS - Log K




Example: the carbonate system

. 9.8 Closed CO, Systems (Fixed C;) with Net Strong Acid or Base

1} -1- T T T T T T T 3 T T T
Let’s look at the Ca-carbonate "
-2 - &
system. ’ HoCO% = CO,  HCO3 co
Species / Components are: —4
s OH™
2 -5-
H,CO H2CO3
2-V3 et
HCO,- 2
2- g
CO, E s
H* Q
2 LRy
+
Ca > —10-
CaCO4(aq) T
Which are the basis species —12
and which are the -13-
secondary components? L1 = PR
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g g -4 868 1T #.:8 10.18.18 13

Source: http://soils.stanford.edu/classes/GES166_266items/ges166.htm P H




Example: the carbonate system

We are about there. The bias in CO3- is because of the CaCOs presence.

. 9.8 Closed CO, Systems (Fixed Cy) with Net Strong Acid or Base

—1 T T T T T T T R T T T

28 2-
H.CO%|=CO  HCO3 CO%

OH™
HoCOx

log Concentration (M)

;
P 2% .4 & 8 % 6 9 101113 13 14
Page 20 pH




Example: the carbonate system

We will explain the MatLab script.

What'’s the result values we get?

H.COs* CaCOs
H+ HCO:s-
Cax++ COs--

Please compare to the carbonate figure, do we get correct values?




Reactive transport with OGS-6#PHREEQC

l

— Solve discretized fluid flow equation
forp

- - l - Calculate p and ¢; ..
Solve dlsc]::rtlzf? ;ralnsm: equation on the gauss inltggration point The o pe rator-s p littin g approac h:
|

Calculate molality and bulk reactive
surface area of each reactive solid

onvergence criteria a (e
met? Call Plfreeqc {;JCE) +V- {flf-i - GDVC‘J + Q?Q + Ri {:CJ.-: "'!Cﬂ) - D! i=1,.,n.
| Yes for speciation calculation t
Qutsource calculation of the |
reaction term Ri(cy, ..., cn) to Phreeqc|[” ‘Calculate the reaction term Ri(cy, ..., ¢,)
1 . .
Solve discretized reaction equation Eallalie i dEnE The Phreeqc Chemlcal SOIVer IS Ca”ed Over
forc ISP =in of the molality of the solids H H H H
1 Tihe ey efthe =old each time-step and mesh cell integration point
Update porosity,

volume fraction of the solid constituents,
and permeability

No

4 dt CPU time is a direct function of the number of
Yes cells in the mesh (with constant int. pts.)

Figure 1. Workflow of solving reactive transport problems using a sequential non-iterative

approach. This new computational workflow is implemented in the OpenGeoSys-6#Phreeqe.

/ﬁ' HELMHOLTZ

Lu et al., 2022 Computers and Geosciences CENTRE FOR

ENVIRONMENTAL
RESEARCH - UFZ
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Reactive Transport Example: Calcite Problem
<chemical _system> on the .prj file

<chemical_system chemical_solver="Phreeqc">
<mesh>ReactiveDomain_mesh</mesh>
<database>phreeqc.dat</database>
<linear_solver>general_linear_solver</linear_solver>
<solution>
<temperature>25</temperature>
<pressure>1</pressure>
<pe>4</pe> g=3x10° m/s
<components> 1 mmol/L MgCl, (pH=7)
<component>Na</component> Crushed calcite (¢ = 0.32, p= 1.8 kg/L)
<component>Cl</component> Equilibrated solution (pH = 9.9) Neumann
inflow | | BOMNEENY
<component>C(4)</component> x=05m
</components> Ax=0.005m =5 mm
</solution>
<equilibrium_reactants>

¥

<component>Ca</component>

t =350 min, At =100s ~ 1.67 min
T=25C

<phase_component>
<name>Calcite</name>
<saturation_index>@.0</saturation_index>
</phase_component>
</equilibrium_reactants>
<knobs>
<max_iter>500</max_iter>
<relative_convergence_tolerance>le-12</relative_convergence_tolerance>
<tolerance>le-15</tolerance> ﬁ HELMHOLT?Z
<step_size>5</step_size> CENTRE FOR
<scaling»>@</scaling> ENVIRONMENTAL
</knobs> RESEARCH - UFZ

B




<chemical solver>

<chemical_system chemical solver="Phreeqc">

<mesh>ReactiveDomain_mesh</mesh>
<database>phreeqc.dat</database>
<linear_solver>general_linear_solver</linear_solVxr>
<solution>
<temperature>25</temperature>
<pressure>1</pressure>
<pe>4</pe>
<components>

At the moment,
only Phreeqc is
supported
(more solvers,
e eresanstion i e.g., GEMS,

</phase_component>

</equilibrium_reactants> COUId be added

<knobs>

<max_iter>500</max_iter> in the future
<relative_convergence_tolerance>le-12</relative_convergence_tolerance>

<tolerance>le-15</tolerance>

<component>Na</component>
<component>Cl</component>
<component>Ca</component>
<component>C(4)</component>
</components>
</solution>

<equilibrium_reactants>

<step_size>5</step_size> CENTRE FOR
<scaling>@</scaling> https://www.usgs.gov/software/phreegc-version-3 ENVIRONMENTAL
</knobs> : =4 pnreeq RESEARCH - UFZ

R e S —


https://www.usgs.gov/software/phreeqc-version-3

<mesh>

< wegt—System cnemical_SOIVe
<mesh>ReactiveDomain_mesh</mesh>

<database>phreeqc.dat</database>

<linear_solver>general_linear_solver</linear_solver
<solution>
<temperature>25</temperature>
<pressure>1</pressure>
<pe>4</pe>
<components>
<component>Na</component>
<component>Cl</component>
<component>Ca</component>
<component>C(4)</component>
</components>
</solution>
<equilibrium_reactants>
<phase_component>
<name>Calcite</name>
<saturation_index>@.0</saturation_index>
</phase_component>
</equilibrium_reactants>
<knobs>
<max_iter>500</max_iter>

<relative_convergence_tolerance>le-12</relative_convergence_tolerance>

<tolerance>le-15</tolerance>

<step_size>5</step_size>

<scaling>@</scaling>
</knobs>

Mesh needs to be added
under <meshes> tag
(recall the creation of a
reactive domain with the
identifySubdomains OGS
utility)

Note: name needs to be
typed without .vtu
extension.

ﬁ HELMHOLTZ

CENTRE FOR

ENVIRONMENTAL
RESEARCH - UFZ

R e S —




<database>

<chemical_system chemical_solver="Phreeqc">

TSReactiveDomaln_mesh</mesn
<::::2222;base>phreeqc.dat</database>

<linear_solver>general_linear_solver</linear_solv

We need to provide a
valid Phreeqc database
here. More details on
databases:

<solution>
<temperature>25</temperature>
<pressure>1</pressure>
<pe>4</pe>

<components> https://water.usgs.gov/water-

resources/software/PHREEQC/docum
entation/phreeqc3-html/phreeqc3-
5.htm#50593793 39915

<component>Na</component>

<component>Cl</component>

<component>Ca</component>

<component>C(4)</component>
</components>
</solution>
<equilibrium_reactants>
<phase_component>

<name>Calcite</name> about the components and the
<saturation_index>@.0</saturation_index> equilibrium reactant

</phase_component>
</equilibrium_reactants>

<knobs>
<max_iter>500</max_iter>
<relative_convergence_tolerance>le-12</relative_convergence_tolerance> /’-r
<tolerance>le-15</tolerance> ﬂ HELMHOLTZ
<step_size>5</step_size> CENTRE FOR
<scaling>@</scaling> ENVIRONMENTAL

</knobs> RESEARCH - UFZ



https://water.usgs.gov/water-resources/software/PHREEQC/documentation/phreeqc3-html/phreeqc3-5.htm#50593793_39915

<solution>

<chemical_system chemical_solver="Phreeqc">
<mesh>ReactiveDomain_mesh</mesh>
<database>phreeqc.dat</database>

<linear_solver>general_linear_solver</linear_solver
<solution>
<temperature>25</temperature>
<pressure>1</pressure>
<pe>4</pe>
<components>
<component>Na</component>
<component>Cl</component>
<component>Ca</component>

<component>C(4)</component>

</components>
</solution>
<equilibrium_reactants>
<phase_component>
<name>Calcite</name>
<saturation_index>@.0</saturation_index>
</phase_component>
</equilibrium_reactants>
<knobs>
<max_iter>500</max_iter>

How to input pH?
l
PH Is input as H+
concentration

l

H needs to be added to the list of
components for the ComponentTransport
process but not to the chemical system (this
will cause errors)

!
forpH =7

H = 10”-7 mol/kgw

<relative_convergence_tolerance>le-12</relative_convergence_tolerance> /"'
/7 HELMHOLTZ

<tolerance>le-15</tolerance>

<step_size>5</step_size>

<scaling>@</scaling>
</knobs>

CENTRE FOR
ENVIRONMENTAL
RESEARCH - UFZ

R e S —




Optional keywords

<chemical_system chemical_solver="Phreeqc">

<mesh>ReactiveDomain_mesh</mesh>
<database>phreeqc.dat</database>
<linear_solver>general_linear_solver</linear_solver>
<solution>

<temperature>25</temperature>

<pressure>1</pressure>

<pe>4</pe>

<components>

<component>Na</component>

<component>Cl</component> <kn0bS> keyword |S USed tO
<component>Ca</component> |nput Phreeqc numerlcal

<component>C(4)</component>

</components> Set“ngs

</solution>
<equilibrium_reactants>

<phase component>

<name>Calcite</name>
<saturation_index>@.0</saturation_index>
</phase_component>
</equilibrium_reactants>

<knobs>
————— s Lo
<relative_convergence_tolerance>le-12</relative_convergence_tolerance> /’-r
<tolerance>le-15</tolerance> ﬁ HELMHOLTZ
<step_size>5</step_size> CENTRE FOR
<scaling>@</scaling> ENVIRONMENTAL
</knobs> RESEARCH - UFZ

R e S —




Optional keywords

<chemical_system chemical_solver="Phreeqc">
<mesh>ReactiveDomain_mesh</mesh>

datab h .d datab HH .
cdarabaserphreeqc. datc/aatabase | Same as equilibrium reactants,
<linear_solver>general_linear_solver</linear_solver> . .
<solution> other keywords in the chemical
<temperature>25</temperature> System are Opt|0nal (|e,
<pressure>1</pressure> ] ]
<pesa</pes <kinetic_reactants>,
ccomponents> <surface>, <exchange>)
<component>Na</component>
<component>Cl</component>
<component>Ca</component>
——— e
</components> . .
</solution> Note that, in this case, the
ceauitibriun reactants> amount of Calcite is not
<phase_component> . .
coamesCalcitec/nanes defined here (it needs to be
<saturation_index>@.0</saturation_index> defined under the <medium>
</phase_component> . .
</equilibrium_reactants> tag by addlng a SOIId phase)
<knobs>
<max_iter>500</max_iter>
<relative_convergence_tolerance>le-12</relative_convergence_tolerance> f
<tolerance>le-15</tolerance> , HELMHOLTZ
<step_size>5</step_size> CENTRE FOR
<scaling>@</scaling> ENVIRONMENTAL

</knobs> RESEARCH - UFZ




Model Results of Calcite Problem

le-3 le—4 .
2.0 pesmacm = —— 0GS-6 | I
= . —— 0GS-5 [4 g
o) : [ £
E 13- 9
s 1 | " 8
© 1.0 jassasss o & Calcite =
B T T R e ——— 2 O
) L %
. . s
= d B i O
© 0549 = geeees | [ 1 @
=

0.0 0

0.0 0.1 0.2 0.3 0.4 0.5
Distance away from the upstream [m]




	Lecture Modelling of Hydro-systems�Mass Transport Process Part III: Reactive Transport
	Slide Number 2
	Newton-Raphson Method
	Newton Raphsen Method
	Damped Newton-Raphson Method
	Newton-Raphsen in multiple dimensions
	Newton-Raphsen in multiple dimensions
	Combined with Newton Method
	Governing Equations for the Equilibrium Reactions
	Classification of Chemical Reactions
	Slide Number 11
	Basis and Secondary Components
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Following the Law of mass action, �
	Law of Mass Action in Linear Algebraic expression 
	Law of Mass Balance
	Example: the carbonate system
	Example: the carbonate system
	Example: the carbonate system
	Reactive transport with OGS-6#iPHREEQC�
	<chemical_system> on the .prj file
	<chemical_solver>
	<mesh>
	<database>
	<solution>
	Optional keywords
	Optional keywords
	Slide Number 30

