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Basics of Finite Element Method

In simple words, we convert the PDE from
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Finite element in space Over all connecting

mesh nodes The unknown
The numerical method of FEM employs the The unknown function on each mesh
Method of Weighted Residuals (MWR) to find the solution node
of a PDE. m \/
MWR can be divided into 3 steps: ~ — . .
p u=u(r) = 2 w; (x)C;
1) Approximation of the unknown function by a trial i—1
solution;
2) Definition of weighting functions; The approximation of the
3) Derivation of a system of algebraic equations, and unknown function
solve it to find the approximation solution. Interpolation functions
(aka. Basis functions)
u . .
8 v (1)“ o Let ®" be the flux vector of cc?nservatlve quantity uand g*u
—U + . — q the source/sink term (see our first lecture about
8t GROUNDWATER_FLOW process)

Applying the approximation, we get the weak form of the above equation as

[ wi@dﬂ + / w; V - ®4dQ) = / w;q"dS2
JO JQ JQ

ot \

In order to get rid of the special derivative of flux term, we apply the Green’s theorem

/ wza—udﬂ — / o . Vw@dQ +
Q Q

T w; ®dS = / w;q"dS)

Q

o0




Finite element in space

wza—udﬂ /‘I’“‘ Vw;d2 + wi@“‘d.9= /wiq”‘dﬂ
Q

After Green’s transformation, we Temporarily focusing on
the space approximation, assuming time not changing.

Approximation of Approximation of 2 o ‘
unknown u Z wj. uﬁ' (t the flux of unknown u (I)(t’ x) o Z Wi (‘T)CI)

So that the above equation becomes

duj | u |
;E‘/ﬂmim}dﬂ— Zfb -‘/Qyujvbuidsm ‘ﬁﬂ
N\ 7 N S \ . J

Vo Y

:III? — / wlwdﬂ _R:,:' p— / { 'v" ldﬂ
=, J ] ‘Q”UJ W

w; ®dS = /wiq”dﬂ
J0

This part is nodal

based
This part is applied on This part is applied on

element Mass Matrix element Stiffness Matrix

“shape-shape” This part should zero out.

“When time is infinitely short, how
much flowing-in should equal to
how much flowing-out”

“shape-dshape”




Shape functions (1D line element)

First let’s explore how the shape function is calculated for
a 1D line element.

A simple approximation of the unknown functio u(x) can
be obtained by linear approximation.

h the two ends of the line element, we assume that our
nknown function produces ul and u2 at position x1 and x2.
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u(z) = a1 + asx

a1 + a2y
a1l + aaxr
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approximate
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Write in a linear
algebra form

Wirte back to the
standard form

)

Xr — I
U+ ———up =
Iro — I

H—/
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Make an inversion of the expression, we get the al and a2 value dependency on ul and u2.

1
Tro — I

x
Then we get the expression of approximated solution based on the location

1

To — 1
1

2 — &1

a] =

(—u1 + u2)

Ni(x)uy + Nao(x)us

N1(x) and N2(x) are the so-called shape functions.

1.’131
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(352'“31 - 1131’1352)
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Insert back here




Shape functions (1D line element, higher orders)

Linear

Approximation ﬂ,(:{,) = a1 + asx

Shape Function Ni(z) = Lo — T
€ro — I

N2($) _ Tr— I

Ty — X1

1-D: Linear basis functions

Quadradic

a(z) = a1 + asx + azx”®

(o — o) — )
M@ = =)@ =)

~ (z—x)(z —w3)
Malw) = (r2 — x1)(22 — 3)

B (x—x1)(x — 22)
Nl) = (g — ) (s — )

1-D: Quadratic basis functions

1.2




Shape functions (2D line triangle element)

L ~ So again our shape function act like
Approximation: w(z,y) = a1 + axx + azy

U(z,y) = Ni(z,y)u1 + No(z, y)uz + Na(z,y)us

The interpolation writes as
Ur = @1t a2%1 +asy They can be explicitly calculated as
U2 = a1+ 0a2%2+ agy2
uz = a1+ a2T3 + azys

1
Ni(z,y) = 2 (z2y3 — z3y2) + (y2 — y3)7 + (23 — 22)y)

1
Write it in the matrix-vector form Na(2,9) = 57 [(@3y1 — 21y3) + (y3 — y1)z + (21 — 23)y]

Na(z,1) = 5 (@132 = 2231) + (4 = 32)2 + (2 — 2)y]

(5] 1 1 W aq
Ug =11 z2 yo Qs Or in the matrix vector form
u3 1 z3 y3 as
N 1 | T2¥3—T3y2 Y2—Y3 T3z — Tz 1
. . L N. =— | 3y — 2 — -
Inversion of the above relationship will give N2 oA | T —ikls s—lu Ty Is €
3 TiY2 —T2Y1 Y1~ Y2 T2— I ¥
{ ax } 1 T2Y3 —T3lYz2 TaY1 —T1Y¥3 TiY2 — T2l U1 YA
a3 =52 Y2—1Us Y3 =W Y1 — Y2 (5] 3
2A X3
as T3 — T2 Ty~ T3 To — I Uz \ [ oYs)

With A the surface area of the triangle

1 1 W 1
A = |z y2 1
r3 Yz 1 ]




Finite difference in time

We start from the mass transport governing equation

oC | |
— +V(=D-VC)+v-VC =Q | Zymaaam™

/6’1; R r

Change over time Dispersion/Diffusion Advection
\ J/ - 7
_V_
Time discretization Spatial discretization

C" — previous time step value
» Make a difference of previous and current b p

time step value for primary unknown. Cn+1 — current time Step value
» For the time discretization part, we use oC . Cm_H —C"
forward Euler method: ot - At
» For all Cvalues in the spatial 1
discretization part, we apply linear C p— (]_ — Q)Cm -+ Qcm’—l_
interpolation btw previous and current
values:

@ =1:Ctaken from the current time step, AKA implicit scheme.
@ =0:C taken from the previous time step, AKA explicit scheme.




Finite difference in time

We start from the mass transport governing

oC | |
Source and Rink ferm, i.e.

at _|_ V(_D ) VC) _|_ v VC — Q } decay and reaction

/ \ . ~ J/ w_/

Dispersion/Diffusion Advection

- -
~

Change over tim
#

Time discretization

Spatial discretization

C"™ — previous time step value
> Make a difference o vious and current p

time step value for primar O™t _ current time stepy value

» For the time discretization part, we use oC _ On+1 - C"
forward Euler method: ot — At

» Forall Cvalues in the spatial

discretization part, we apply linear _

interpolation btw previous and current
values:




Handle the time derivative

%—f+v(—D-vC)+v-vC:Q

Cn—l—l —n
N V(=D -V((1-6)C"+6Cc™))
+v-V((1=0)C"+6C™") =Q

We know all the previous time step value, so keep known things to the RHS
and unknown things to the other.

1
‘ ‘ EO'”’“ + V(=D -VoC™) + v - V(OO

_ %cn C(V(=D-V(1—0)C™) +v- V(1 —0)C™) + Q




Handle the space derivative

ﬁcn—l—l + v(_D . VQC”'H) “+ v - V(90n+1)
= 0"~ (V(-D- V(- 6)C") +v- V(1 - H)C") +Q

1
Mass Term — " = / N.C"" . NdQ) = / N . NdQ - ™!
At . Qe QL’

Dispersion/ 7 p . v (g™t = / VN - (=D)VNTdQ° - gc™!
Qe

Diffusion

Advection v-V(OC") = / N - (GvC" ™ VNTdQ = / N - (v)VNTdQe - gCc™
Qe Qe




Handle the space derivative

ﬁcm—l + V(=D -VvIC"™) + v - vV(OC™ )
= O~ (V(=D- V(- 6)C") +v- V(1 - )C") +Q

1
Mass Term — " = / N.C"" . NdQ = / N - NdQ - o™
At /.. "
N

J

~/
Mass Matrix

Dispersion/ n. n+1 a T 10)€e . n+1
Depereic V(-D-V(6C )):/QBVN (—D)VNTdQ* - oC

Dispersion Matrix

Advection v-V(OC") = [ N - (QoC"™HVNTAQ = / N - (v)VNTaQe - gCc™
Qe Qe
-

7

T

Advection Matrix




Handle the space

) i t
derivative N

=>/ N - NdQ - "
J e
A\

, iM’ O™ Disp - 0C™ 4+ Adv - 0C™ T
~/ At
Mass Matrix 1
= EM’ -C"+ Disp-(1-0)C" +Adv- (1 -0)C" +Q
= [ VN (=D)VN'dQ°.gC"
Qe 1 .
e -~ o EM’ -C™" 1 (Disp + Adv) - C™ !

Dispersion Matrix

= | N-(v)VNTdQ-00™!
< _

T

K =Disp +

Advection Matrix

Ar — b (éM+6K

dy 4y, dy, a1 %y

Ay 8y Ay Aoy (| X2 b,
Ay @yp Aay X;| = |by
A Bp Ay - Ay | X B
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1
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A
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L I n ear eq u atl O n »"' Editor - E\Google Drvellectures_TUDVmatlab_script_ade_fem\ade_sclver.m [ =A
File Edit Text Go Cell Tools Debug Desktop Window Help 2
assembly NEH| MBI |00 - Mesh b - 0BRE BB|. | f |
BB - o |+ 21 x| W20,
N &5 — LHS = gparse (nn,nn);
ga — RHS = gparse(nn,l };
BN — str = ['Time step ', numZstr(ti), ' at time ', numlstr(time steps (t:
g8 disp(str);
1 89 — dt = time steps(ti+l) - time steps(ti):;
7 1 . ]
( M + GIX)C N a0 % loop over all the elements,
Ai‘ g1 — [-] for ie = 1 : ne
) % get the coordinates of connecting nodes
| 93 sctr = elements(ie,:):;
— A - -7) . NG r
(At:\[ + (]‘ Q)IX C + Q 94 — coord = nodes(sctr,:) !
' 45 % local mass matrix
98 — M = shapeshape tri{ coord ): % no coeff
a7 % local advection matrix
98 - Rdv = shapedshape tri( coord, [vel:0.0]):%
99 % local dispersion/diffu=sion matrix
100 — Disp = dshapedshape tri(coord, [Dt, 0.0; 0.0, 0.01%Dt]);:
101 % add advection and dispersion matrix t
102 — 5 = Adwv + Disp;
103 % assemble to the LHS
104 — 1 1hs= ((1.0/dt)*M + theta * 5):
105 — LHS (gctr, gctr) = LHS(sctr,sctr) + 1 lhs=;
106 % assemble to the RHS
l: — 107 — 1 rhs= ({1.0/de)*M - (l-theta)* 3) * u_pre(sctrj;
108 — RHS (sctr) = RHS (sctr) + 1_rhs;
108 — - end
i M T My ] 4;“ [T}
ap ap ag A || X b, l | |_
script Ln 109 Col 8
8y 8y Ay Ay || X2 bz
8y Ay, Ay X,| = |b,
B B By - B |[X | _bm_

Page 15




Linear equation
assembly

1
LMo
(R +0K)

1
M+ (1-0)K)-C"
M+ (1= 0)K) - C"+Q

= (

"
——
a; ap ap A (X b,
Ay Ayp By o [|X2 b,
Ay Ayy By X,| = |b,
B B By - B |[X | _b |
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_,_q‘ Editor - EMGoogle Drivellectures_TUD\matlab_script_ade_fem\ade_sclver.m

=L

File

Edit Text Go Cell

Tools Debug Desktop Window Help

DNEH|sRRIC ST-Aei|B-20RBRE BA|.-|fA

BB - o+ 211 x |a% k|0
85 — LHS = gparse (nn,nn) ;
g6 — RHS = gparse(nn,l };
= str = ['Time step ', numZstr(ti), ' at time ', numZstr(time steps (t
ge — di=p(=str):
g9 — dt = time steps(ti+l) - time steps(ti):
90 % loop over all the elements,
a1 - [ for ie = 1 : ne
% get the coordinates of connecting nodes
93 - gctr = elements(ie,:);
9y - coord = nodes (sctr,:) !
L % local mass matrix
96 — M = shapeshape tri( coord ): % no coeff
97 % local advection matcrix
98 — Rdv = shapedshape tri( coord, [vel;0.0]):%
99 % local dispersion/diffu=sion matrix
100 - Disp = dshapedshape tri(ccord, [Dt, 0.0; 0.0, 0.01%Dt]):
101 % add advection and dispersion matrix t
102 — 5 = Adwv + Disp:
103 % assemble to the LHS
104 — 1 1n== ((1.0/dt)*M + theta * 5);
105 — LHS (gctr,gctr) = LHS (sctr,=sctr) + 1 1lhs;
106 % assemble to the RHS
107 - 1 rhs= ((1.0/dt)*M — (l-theta)* 5) * u_pre(sctr):
108 — BHS (sctr) = RHS5(sctr) + 1_rhs;
108 — - end

1] |

script Ln 109 Col 8 |




-
. . _,_q‘ Editor - EMGoogle Drivellectures_TUD\matlab_script_ade_fem\ade_sclver.m l':' =]
LI near eq uatlon File Edit Text Go Cell Tools Debug Desktop Window Help
assembly NEHE|*R20 (02 - Aedn|BH-EEBRN BR[|k
BB - o+ 211 x |a% k|0
85 — LHS = gparse (nn,nn) ;
g6 — RHS = gparse(nn,l };
= str = ['Time step ', numZstr(ti), ' at time ', numZstr(time steps (t
~ 88 — disp(str);
]_ g9 — dt = time steps(ti+l) - time steps(ti):
: 41 — -
(—A{ + 9[\)( 90 % loop over all the elements,
At 91 — [ for ie = 1 : ne
1 92 % get the coordinates of connecting nodes
— ( M + (]_ — 9)]{) oL + Q 93 — zotr = elements(ie,:):
Az‘ 94 - coord = nodes (sctr,:) !
~ — a5 % local mass matrix
—
96 — M = shapeshape tri( coord ): % no coeff
% local advection matrix
Rdv = shapedshape tri( coord, [vel;0.0]):%
% local dispersion/diffu=sion matrix
Disp = dshapedshape tri(ccord, [Dt, 0.0; 0.0, 0.01%Dt]):
% add advection and dispersion matrix t
5 = bdwv + Disp:
% assemble to the LHS
1 1n== ((1.0/dt)*M + theta * 5);
105 — LHS (gctr,=2ctr) = LHS (sctr,=sctr) + 1 1lhs;
106 % assemble to the RHS
AZE _— b e 1 rhs= ({1.0/dt)*M - (l-theta)* S5) * u_pre(sctr);
18 — T RHS (sctr) = RH5(sctr) + 1_rhs;
109 - u end
TT 1 |
AF AE 4 A || %4 b, script Ln 109 Col 8
8y 8y Ay Ay || X2 bz
8y Ay, Ay X,| = |b,
_aml amZ am?) amn _Xn_ _b 1 |

Page 17




Impose Boundary Condition

Assuming we know the boundary value on one of the node,
how can we solve the linear equation in a way that we get
the desired value on this node?

The procedure is as follows:

_ a; adp a4 1) Record the index of boundary node, say “i”.
3'21 2122 323 . T .
2) RHS vector minus the multiplication of fixed boundary
A, a,, Qi node value with the i-th column of LHS matrix.
3) Record the i-th row and column entry value in LHS as
[y Bz g TMP.

4)  Make i-th row of LHS all zeros.
5) Make i-th column of LHS all zeros.

6) Overwrite i-th value in RHS vector as TMP times fixed
boundary value

7) Overwrite i-th row and column entry value in LHS
matrix as xii.




Impose Boundary Condition

Taking the following linear equation as an example (represent a 1D Groundwater flow):

(12 12 o o o Y[ n) (0 )
A2 32 10 0 h, 0
0 1 43 13 0 X hy =<4 0 %
0 0 -3 23 -3 h, 0

\. 0 0 0 -3 u3J | hs . 0 ]

After imposing boundary nodes?

e L L L L _\ ( hl A C o 3N
PR N PR N N h2 N
_ - - - - < h3 r =< >
JR— N R N R h4 N
~___  _ __ _ __/7 hs J L —

What result do you get by solving this linear equation system?

I [




Peclet Number

Peclet number is defined as the ratio of the rate of
advection to the rate of dispersion/diffusion.

_vL

P
=D

Courant Number

AKA Courant—Friedrichs—Lewy condition

1D ¢r = =2 <oy,
Ar

v At vy At

= < Cr
2D Cr AT + &y _CT?T?,{I.I.

Peclet number is dimensionless.

Peclet number reflects the ratio of advection versus
diffusion. If less than one, then diffusion dominated. If
more than one, then advection dominated.

Typically, the characteristic length L refers to the
length of an element.

For the accurate solution of finite element method,
the Pe number has to be kept to be less than 2.

Courant number is also dimensionless

Cr_max is typically constrained to be 2, i.e. in a given
time step, one particle should not travel beyond the
neighbouring element.

Necessary condition when using explicit time
integration scheme with the finite difference
method.
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