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Zeitplan: Hydroinformatik Il

17.04.2020 | 00 | Einflhrung in GoToMeeting (Web-Conferencing)
17.04.2020 | 01 | EinfUhrung in die Lehrveranstaltung
24.04.2020 | 02 | Grundlagen: Kontinuumsmechanik

08.05.2020 | 03 | Grundlagen: Hydromechanik

15.05.2020 | 04 | Grundlagen: Partielle Partialgleichungen
22.05.2020 | 05 | Installation: Python, Qt C++

29.05.2020 | 06 | Programmierung: Einfuhrung in Python
05.06.2020 | 07 | Numerik: Finite-Differenzen-Methode (explizit)
12.06.2020 | 08 | Numerik: Finite-Differenzen-Methode (implizit)
19.06.2020 | 09 | Anwendung: Diffusion (Ubung)

26.06.2020 | 10 | Anwendung: Gerinnehydraulik (Theorie)
03.07.2020 | 11 | Anwendung: Gerinnehydraulik (Ubung)
10.07.2020 | 12 | Anwendung: Grundwassermodellierung (daten-
basierte Methoden)

17.07.2020 | 13 | Beleg: Besprechung zur Vorbereitung
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Hausaufgabe vom 24.04.2020

Aufgabe: Was ist v - V1)?

v = (v, vy, Vz) 1)
V¢ = (8x1/17 ayl/): 8Zw) (2)
.= Skalarprodukt (3)

Oxt
(vx, Vy, Vz) - ( oy ) = VxOx¥ + vyOy1) + vz 0.1 (4)

Oz
oY oY oY
= W 8, +Vvy 9, +V; 8, (5)

Ist die Gleichung (5) eine vektorielle oder skalare Grofe ?
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Konzept

@ _ N E
a - oa vV

Anwendung

Programmierung
Visual C++

Prozessverstandnis @ ._;E?;:ggﬁﬁ
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Erhaltungsgrofien
Massenerhaltung
Fluidmassenerhaltung
Diffusion
Impulserhaltung
Spannungen
Fluiddruck
Stromungsprobleme

vVvyvyVvYvVYyVvYyvyy
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General Balance Equation

Lagrange Euler
v, dp/oz
T
| Pathline - x(t)
Pathiine w /
(tzX)
\,___.___4,
Etx) ) v, aly
Assigned fo a particle
of the confinuum z
/‘ v Q,
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General Balance Equation

d 0
— Q0 = dQ oY . dS 6
dt/QW at/w +fm ©)
_ 0 "
- at/zde-l-/thdQ
[imdQ — 0
a0y .
i at-f—v ()] (7)
= 2y w) -V (DY)
= Qv

HA 02#2020: Komponentenschreibweise V - (vi)), V - (DY V)
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Conservation Quantities (1.1.2)

The amount of a quantity in a defined volume 2 is given by

v [vea) ®)
Q

where WV is an extensive conservation quantity (i.e. mass,
momentum, energy) and ¢ is the corresponding intensive
conservation quantity such as mass density p, momentum density
pv or energy density e.

\ Extensive quantity Symbol \ Intensive quantity Symbol
Mass M Mass density p
Linear momentum m Linear momentum density pv
Energy E Energy density e=pi+ %,ov2
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(Phase) Mass Conservation

ay o

Y _ Y ) —v. (DY = Q¥ 9
= TV () =V (DVVY) = Q ©)
The differential equation of mass conservation in divergence form
becomes
@—@-I-V(v)—o (10)
dt — ot pr=

Partial differentiation of the above equation gives

dp Op
- _ZF . V= 11
dr 81A—v Vp+pV-v=0 (11)
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(Phase) Mass Conservation

Using the material (or convective) derivative the mass
conservation equation can be rewritten as

op
5= —pV v (12)

Note, above convective form of mass conservation equation
becomes zero only for incompressible flows, i.e.

dp
_ 1
5 = O (13)

requires divergence-free flow.
V-v=0 (14)

From eqgn. (11) results that the above expression is the continuity
equation for a homogeneous fluid (p = const). ) InvERSiviT
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Divergenzfreie Stromung

V-v=0 (15)

Links:
» https://de.wikipedia.org/wiki/Stromfunktion

» https://www.ingenieurkurse.de/
stroemungslehre/ebene-stroemungen/quelle-
und-senke-divergenz.html
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Conservation Quantities (1.1.2)

The amount of a quantity in a defined volume 2 is given by

V= [ dQ(t) (16)
/

where WV is an extensive conservation quantity (i.e. mass,
momentum, energy) and ¢ is the corresponding intensive
conservation quantity such as mass density p, momentum density
pv or energy density e.

\ Extensive quantity Symbol \ Intensive quantity Symbol
Mass M Mass density p
Linear momentum m Linear momentum density pv
Energy E Energy density e=pi+ %,ov2
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Momentum Conservation

Y =pv

aﬁt/pvdfnjfcbm - dS = /pfdQ (17)

Q o0 Q

Flux term: The advective momentum flux is defined as

" = (pv) @V = (pv)v (18)

F= /pfdQ = /p(f€+f")dQ = /,ofedQ + 7{0 dS  (19)
Q Q Q 0N

—— ——
External forces Internal forces
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Momentum Conservation

Substituting now flux and source terms of momentum we obtain

%/pde + j{pv(v - dS) = /pfedQ + j{cr . dS (20)
Q

o0 Q o0

Applying the Gauss-Ostrogradskian theorem to the surface
integrals

fpv(v« das) = /V < (pvv) dQ

oQ Q
?{a:ds = /V-adQ (21)
oQ Q
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Momentum Conservation

The differential form of the momentum conservation law is then
0
a(pv)—i—v-(pw):pfe-i—v-a (22)

The above equation is now extended by partial integration

ov dp

a +v§ (pv) - VV+VV - (pv) (23)
= p[ +v V] +v[— + V- (pv)]
=pff+V.-0o
Using the mass conservation equation (10) and dividing by p we
obtain
g‘t'+(v V)v—fe+1V o (24

UNIVERSITAT
DRESDEN

BHYWI-08-03 @ 2020 | Grundlagen der Hydromechanik // 08.05.2020



Momentum Conservation: Stress Tensor

oc=—-pl+7 , T=vVVv (25)
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Momentum Conservation; Stress Tensor
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Fluid Momentum Balance

ov
0

1
t+(v Vv =f + Vo 27)

In index notation the above vector equation is written as

ou ou ou 0w
ot ox oy 82 N

1, Ooxy n Ooyy n 00z

;( ox 19)% 0z )

1 0oy N Oayy N Ooy,

;( ox 19)4 0z )

1 (90‘2,( 8Uzy 80'zz
p( ox + oy + 82)

(28)

with u = vy, v =v,,w = v, and f¢ = g.
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Flow Equations - Systematic

Stress Tensor

o=-pl+7 (29)
Navier-Stokes Equation
% +(v-V)v="~F°— %Vp+uAv (30)
Euler Equation
ov e 1
E+(V-V)v_f —;Vp (31)
Stokes Equation
ov =f°— 1Vp +vAv (32)
ot p
Darcy Equations
1
0=f—=-Vp+rAv VERSITAT
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(Component) Mass Conservation

Y= pp = C (34)

(@ oQ
d_tk = 8_tk + V- (vC) = V- (D V) = O (35)
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