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Inhalte

» ErhaltungsgroBen

» Massenerhaltung

» Fluidmassenerhaltung
» Diffusion

» Impulserhaltung

» Spannungen

» Fluiddruck

> Strémungsprobleme
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General Balance Equation
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General Balance Equation

i/ﬂwdQ _ aat/ﬂwdﬂ—k%md)w-ds (1)
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Conservation Quantities (1.1.2)

The amount of a quantity in a defined volume € is given by

V= [ dQ(t) (3)
/

where W is an extensive conservation quantity (i.e. mass,
momentum, energy) and 1 is the corresponding intensive
conservation quantity such as mass density p, momentum density
pv or energy density e.

’ Extensive quantity ~Symbol \ Intensive quantity Symbol ‘
Mass M Mass density p
Linear momentum m Linear momentum density pv
Energy E Energy density e=pi+ %pv2
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(Phase) Mass Conservation

dy 0y

v _ 7 —Vv. (DY — QY 4

=V (w) — V- (DUVY) = @ *)
The differential equation of mass conservation in divergence form
becomes

dp _ 0Op

T +V.-(vp)=0 (5)
Partial differentiation of the above equation gives

dp Op B

e 8t+v Vp+pV-v=0 (6)
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(Phase) Mass Conservation

Using the material (or convective) derivative the mass conservation
equation can be rewritten as

op
ot —pV v (7)

Note, above convective form of mass conservation equation
becomes zero only for incompressible flows, i.e.

% _
ot

requires divergence-free flow.

0 (8)

V.v=0 (9)

From eqn. (6) results that the above expression is the continuity
equation for a homogeneous fluid (p = const).
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Conservation Quantities (1.1.2)

The amount of a quantity in a defined volume € is given by

W= [ dQ(t) (10)
/

where W is an extensive conservation quantity (i.e. mass,
momentum, energy) and 1 is the corresponding intensive
conservation quantity such as mass density p, momentum density
pv or energy density e.

’ Extensive quantity ~Symbol \ Intensive quantity Symbol ‘
Mass M Mass density p
Linear momentum m Linear momentum density pv
Energy E Energy density e=pi+ %pv2
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Momentum Conservation

Y =pv

pn /pdequ{CDm dS = /pfdQ (11)

o0 Q

Flux term: The advective momentum flux is defined as

= (pv) @ v = (pv)v (12)
p(FE +F)dQ = pfedQ  + o:dS (13)
! [ ]
—— ~——

External forces Internal forces
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Momentum Conservation

Substituting now flux and source terms of momentum we obtain

o /pvd9+7§pv( - dS) = /pf9d9+fads (14)

o0 Q o0

Applying the Gauss-Ostrogradskian theorem to the surface integrals

%pv(v -dS) = /V - (pwv)dQ

o0
}[ odS / V- odQ (15)

13/19 Prof. Dr.-Ing. habil. Olaf Kolditz Hydroinformatik Il - SoSe 2016



BHYWI-08-03: Grundlagen Fluidmechanik 22.04.2016

Momentum Conservation

The differential form of the momentum conservation law is then
0
5PV TV (pw) = pf* +V -0 (16)

The above equation is now extended by partial integration

%+v8—+(pv) Vv + vV - (pv) (17)

—p[ +v Vv]+v[—+V (pv)]
—pfe—i-V o

Using the mass conservation equation (5) and dividing by p we
obtain

ov .
a—i—(v Viv=f —i—pVO' (18)
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Momentum Conservation: Stress Tensor

oc=-pl+7 , T=1vVv (19)
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Momentum Conservation: Stress Tensor

T =vVv (20)
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Fluid Momentum Balance

ov o
a—k(v Viv=*f —i—pV o (21)

In index notation the above vector equation is written as

@ u @ Ly ou w ou 1(80)0( n 0oy n aaxz)
ot "ox 8y Yoz ~ p- Ox dy 0z
@ @ ov ov 1 doy, 0oy, 00y,
ot + “ox v 8y tw 8z p( Ox + dy + 0z )

ow _  ow_ ow  ow _ .,
ot Yox "oy TWa, T 8

E 00z 00y aazz)
p Ox dy 0z
(22)

with u = vy, v =v,,w=v; and f¢ = g.
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Flow Equations - Systematic
Stress Tensor

o=-pl+7 (23)
Navier-Stokes Equation

g‘;+(v-V)v—fe — ;Vp+1/Av (24)
Euler Equation

ov 1

— Viv=Ff¢—- =V 25

otV =F (25)
Stokes Equation

ov _ fe — 1V + vAv (26)

ot p P

Darcy Equations

1
0=f*—_Vp+viv (27)
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(Component) Mass Conservation

dc oC
d_::a_thrv.(vck)—v-(okvck): Qx (29)
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